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METRIC CURRENTS AND ALBERTI REPRESENTATIONS
ANDREA SCHIOPPA
Abstract. We relate Ambrosio-Kirchheim metric currents to Alberti repre-
sentations and Weaver derivations. In particular, given a metric current T ,
we show that if the module X(‖T‖) of Weaver derivations is finitely gener-
ated, then T can be represented in terms of derivations; this extends previous
results of Williams. Applications of this theory include an approximation of 1-
dimensional metric currents in terms of normal currents and the construction
of Alberti representations in the directions of vector fields.
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1. Introduction
Overview. The goal of this paper is to relate metric currents to Alberti repre-
sentations and Weaver derivations. In particular, it seems that metric currents
carry a weak notion of a differentiable structure which we try to describe by using
Alberti representations and Weaver derivations. As a first application we prove
an approximation result in which a 1-dimensional metric current is approximated
by a sequence of normal currents. As a second application we show how to use
1-dimensional normal currents to produce Alberti representations in the directions
of vector fields.
Metric currents. Federer and Fleming [FF60] introduced the theory of currents
to study the Plateau problem in Euclidean spaces of dimension higher than 2,
and overtime currents have proven useful to attack a wide range of problems, see
[ABL88, Lin99, GMS89] to cite some examples. In order to study similar problems
in general metric spaces, it became desirable to have an analogue of the Federer-
Fleming currents and a major obstacle was that the classical definition of currents
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uses the differentiable structure of RN . In [AK00] Ambrosio and Kirchheim, in-
spired by an idea of de Giorgi [DG95], developed a theory of metric currents starting
by circumventing the lack of a differentiable structure. Essentially, k-dimensional
metric currents are defined by duality with (k + 1)-tuples of Lipschitz functions
(f, π1, · · · , πk), where the first function f is also bounded. The axioms that cur-
rents satisfy are then designed so that one can formally treat, to some extent, the
(k + 1)-tuple (f, π1, · · · , πk) as a k-dimensional differential form fdπ1 ∧ · · · ∧ dπk.
In [Wil12] Williams showed that in a differentiability space (X,µ), those metric
currents whose masses are absolutely continuous with respect to µ are dual to
the differential k-forms defined using the differentiable structure. This result was
the starting point of the present work in which, roughly speaking, we remove the
assumption that (X,µ) is a differentiability space.
For a treatment of metric currents we refer the reader to [AK00]; some basic
facts are recalled in Subsection 2.1. Note that Lang [Lan11] has formulated an
alternative theory of metric currents in which the finite mass axiom is removed;
our results have natural counterparts in that setting.
Alberti representations. Alberti representations were introduced in [Alb93] to
prove the rank-one property for BV functions; they were later applied to study
the differentiability properties of Lipschitz functions f : RN → R [ACP05, ACP10]
and have recently been used to obtain a description of measures in differentiability
spaces [Bat15]. We give here an informal definition and refer the reader to [Bat15,
Sch13] and Subsection 2.2 for further details.
An Alberti representation of a Radon measure µ is a generalized Lebesgue
decomposition of µ in terms of rectifiable measures supported on path fragments; a
path fragment in X is a Lipschitz map γ : K → X where K ⊂ R is compact; the
set of fragments in X will be denoted by Frag(X) and topologized as a subspace of
K(X), the set of compact subsets of X with the topology induced by the Hausdorff
metric. An Alberti representation of µ is then a decomposition:
(1.1) µ =
∫
Frag(X)
νγ dP (γ),
where P is a regular Borel probability measure on Frag(X), and ν associates to
each fragment γ a finite Radon measure νγ which is absolutely continuous with
respect to the 1-dimensional Hausdorff measure H1γ on the image of γ. Examples
of an Alberti representation are offered by Fubini’s Theorem; however, in general
it is necessary to work with path fragments instead of Lipschitz curves because the
space X on which µ is defined might lack any rectifiable curve.
Weaver derivations and their relationship with Alberti representations.
Weaver derivations, hereafter simply called derivations, were introduced in [Wea00]
and provide a quite broad framework to formulate a notion of differentiability on
metric measure spaces. To fix the ideas, let Lip(X) denote the set of real-valued
Lipschitz functions defined on X and let Lipb(X) ⊂ Lip(X) denote the subset of
bounded Lipschitz functions. The vector space Lipb(X) becomes a Banach algebra
with norm:
(1.2) ‖f‖Lipb(X) = max(‖f‖∞,L(f)),
where L(f) denotes the Lipschitz constant of f . It is a fact [Wea99, Ch. 2] that the
Banach algebra Lipb(X) is a dual Banach space and so it has a weak* topology;
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for the present work, it is sufficient to consider sequential convergence which is
characterized as follows: fn
w*−−→ f if and only if the global Lipschitz constants of
the fn are uniformly bounded and fn → f pointwise.
Having fixed a Radon measure µ onX , derivations are weak* continuous bounded
linear maps D : Lipb(X)→ L∞(µ) which satisfy the product rule D(fg) = fDg +
gDf . Intuitively, derivations can be interpreted as measurable vector fields and
depend only on the measure class of µ. For example, if Ln denotes the Lebesgue
measure on Rn, one obtains a derivation ∂∂xi : Lipb(X) → L∞(Ln) by taking the
partial derivatives of Lipschitz functions in the xi-direction. Note that the set of
derivations is an L∞(µ)-module.
Even for metric measure spaces (X,µ) which cannot admit a differentiable struc-
ture the module X(µ) can be nontrivial. Moreover, one can also study the modules
X(µ) and X(µ′) for mutually singular measures µ and µ′ on the same space X .
Derivations provide thus a broad definition of differentiability for Lipschitz functions
and it is desirable to obtain a characterization of derivations for general metric mea-
sure spaces. In [Sch13] the author showed that there is a correspondence between
Alberti representations and Weaver derivations which implies, roughly speaking,
that derivations are obtained by taking derivatives along fragments. Some results
in [Sch13] relevant for the present work are recalled in Subsection 2.4.
Main results. We now describe the main results of this paper and refer the reader
to the following sections for an explanation of the terminology; we denote byMk(X)
the Banach space of k-dimensional metric currents in the metric space X .
It is an observation1 that there is a close similarity between Weaver derivations
and 1-dimensional metric currents (see Sec. 3). In the light of [Sch13] it is thus
natural to ask how this similarity relates to the existence of Alberti representations.
We show that the mass ‖T ‖ of a k-dimensional metric current T posseses Alberti
representations in the directions of k-dimensional cone fields. Specifically, in Section
4 we prove the following:
Theorem 1.3. Let X be a complete separable metric space and let T ∈Mk(X)\{0}
for k > 0. Then there are disjoint Borel sets {Vj}j and 1-Lipschitz functions
πj : X → Rk (on Rk we consider the l∞ norm) such that:
(1) ‖T ‖
(
X \⋃j Vj) = 0.
(2) For all ε > 0 and for any k-dimensional cone field C, the measure ‖T ‖
admits a (1, 1 + ε)-biLipschitz Alberti representation A with A Vj in the
πj-direction of C.
In particular, the module X(‖T ‖) contains k independent derivations.
Note that the proof of Theorem 1.3 actually does not take full advantage of the
joint continuity of T in its last arguments (π1, · · · , πk) and so applies to a larger
class of metric functionals. It might be worth mentioning a connection between
Theorem 1.3 and the classical Rademacher Theorem, which asserts that a Lipschitz
function f : Rn → R is differentiable at Hn-a.e. point, where Hn denotes the
Lebesgue measure. Given a top dimensional current T ∈ Mn(Rn), Theorem 1.3
implies that the mass measure ‖T ‖ posseses n-independent Alberti representations,
and then it follows that the conclusion of Rademacher’s Theorem holds for the
1Gong [Gon12b, pg. 3] attributes it to Wenger
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measure ‖T ‖. A detailed argument which uses normal currents can be found in
the recent work of Alberti and Marchese [AM14]. However, we provide the sketch
of two alternative arguments. First of all, having fixed a real-valued Lipschitz
function f , one can use the n-independent Alberti representations to show that at
‖T ‖-a.e. point p the function f has partial derivatives in n-independent directions
{ei(p)}ni=1. From this one can proceed in two different ways. The first uses a
porosity argument like in [Bat15, Sec. 9] by showing that the partial derivatives
constructed above give a linearization of f at p. An alternative geometric argument
uses the fact that, if ‖T ‖ has n-independent Alberti representations, then at a
generic point p one can follow the fragments in n-independent directions to get close
to any point in B(p, r) like in [Sch13, Subsec. 5.2]. Specifically, for any q ∈ B(p, r)
one can follow n-fragments γ1, · · · , γn such that γ1 starts at p, γi+1 starts at the end
point of γi, the end point of γn is q
′ with d(q, q′) = o(r), along γi the unit tangent
vector is at distance O(r) from ei(p), and the total length of the fragments γi’s is
≤ Cd(p, q). Moreover, one can assume that for r sufficiently small the fragments
γi are almost paths, i.e. that there are paths γ˜i which extend γi, and such that the
domain of γi has Lebesgue measure at least (1−O(r)) times that of the domain of
γi. Choosing p to be also an approximate continuity point of the partial derivatives
of f in the directions given by the vector fields p 7→ ei(p), one concludes that f is
differentiable at p.
In 2011 M. Cso¨rnyei and P. Jones have announced very deep and very difficult
results in Geometric Measure Theory and Harmonic Analysis which imply that
Rademacher’s Theorem is sharp in the sense that, if its conclusion holds for the
metric measure space (Rn, µ), then µ must be absolutely continuous with respect
to the Lebesgue measure. One can then conclude that an n-dimensional metric
current T in Rn must have ‖T ‖ ≪ Ln. Since the first version of this preprint
appeared in April 2014, G. De Philippis and F. Rindler [DR16] have provided a
nice and elegant proof of the sharpeness of Rademacher’s Theorem that follows
from remarkable and deep results on the structure of A-free measures.
Note also that Theorem 1.3 suggests that metric currents come with some weak
notion of a differentiable structure. To make this intuition precise, we prove a rep-
resentation formula for metric currents in terms of Weaver derivations; essentially,
a k-dimensional metric current T is of the form ωT ‖T ‖, where ωT is a measur-
able k-dimensional vector field (see the next Subsection) and the formal k-form
(f, π1, · · · , πk) can be interpreted as a k-form in the k-th exterior power of the
Weaver’s cotangent bundle (see also the next Subsection). Specifically, in Section
5 we prove:
Theorem 1.4. Let T ∈Mk(X) and assume that X(‖T ‖) is finitely generated with
N generators. Then there is ωT ∈ Xk(‖T ‖) such that:
(1.5) T (f, π1, · · · , πk) =
∫
X
f〈ωT , dπ1 ∧ · · · ∧ dπk〉 d‖T ‖.
Alternatively, one might take ωT to be an element of Ext
k
‖T‖ X(‖T ‖) or Extk X(‖T ‖),
see Subsection 7.1 for different definitions of exterior products.
Moreover, ωT has norm at most (C(N))
k
(
N
k
)
.
Note that the assumption that X(µ) is finitely generated is not very restrictive
as it holds if the restriction of ‖T ‖ to its support is doubling or if the support of
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‖T ‖ is doubling [Sch13]. Note also how Theorem 1.4 parallels the representation of
classical currents ([KP08, Sec. 7.2], [Fed69, Sec. 4.1]).
In Section 6 we provide two applications of this theory. The first application
provides an approximation of 1-dimensional metric currents in terms of normal
currents:
Theorem 1.6. If T ∈M1(Z) where Z is a Banach space and if the module X(‖T ‖)
is finitely generated, then there is a sequence of normal currents {Nn} ⊂ N1(Z)
such that:
(1.7) lim
n→∞ ‖T −Nn‖M1(Z) = 0.
This provides an affirmative answer to the 1-dimensional case of a question raised
in [AK00, pg. 68]. The question of Ambrosio and Kirchheim is whether their metric
currents coincide, in RN , with the Federer-Fleming flat chains of finite mass. We
answer this question affirmatively for 1-dimensional current, but our result is more
general. In fact, even though we prove the result in Banach spaces, the proof can
be adapted to spaces where fragments can be filled-in to give Lipschitz curves.
In particular, the structure of 1-dimensional metric currents seems very close to
that of normal currents. Note that this is not the case for classical currents. We
also mention that since the preprint of this work appeared in April 2014, recently
also N -dimensional metric currents in RN have been shown to be Federer-Fleming
flat chains. This follows from the recent beautiful work of G. De Philippis and
F. Rindler [DR16] combined with Theorem 1.3, see also the previous discussion on
the sharpeness of Rademacher’s Theorem.
As a second application we provide a different method to produce Alberti rep-
resentations which is based on results of Paolini and Stepanov [PS12, PS13] on the
structure of 1-dimensional normal currents. This approach allows to gain a better
control on the direction of the Alberti representations; in fact, instead of obtaining
Alberti representations in the ψ-direction of a finite dimensional cone field C, one
obtains Alberti representations in ther ψ-direction of a vector field v. Moreover,
the Lipschitz function ψ can be taken to be l2-valued, allowing to control countably
many functions. The precise result is Theorem 6.31, which is proved in Subsection
6.2. This result is based on identifying a special class of derivations, which we call
normal derivations, which have properties closely related to those of normal cur-
rents. A further direction related to this result is to extend the action of derivations
to Lipschitz functions which take values in Banach spaces with the Radon-Nikodym
property: this will be pursued elsewhere.
Technical tools. Section 7 contains some technical results. In Subsection 7.1 we
discuss exterior powers in the categories of Banach spaces, L∞(µ)-modules and
L∞(µ)-normed modules. This material is just an adaptation of the treatment in
[CLM79, Ch. 2 and 3] of tensor products. The motivation is to give a precise
meaning to an exterior product of derivations D1 ∧ · · · ∧Dk; as X(µ) is an L∞(µ)-
normedmodule, the construction can be done in the three aforementioned categories
and the results are different. In the author’s opinion, the most natural choice is
probably that of L∞(µ)-normed modules.
In Subsection 7.2 we prove Theorem 7.115 which is a criterion to produce Alberti
representations for measures in Banach spaces when the direction and the speed
are specified by linear maps. This result is used in the proof of Theorem 1.6.
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In Subsection 7.3 we discuss Theorem 7.124, which is a renorming trick which
allows to obtain a strictly convex local norm on X(µ) by taking a biLipschitz de-
formation of the metric on the ambient metric space. This result is used in the
proof of Theorem 6.31 and might be of independent interest. It is worth to point
out that Theorem 7.124, when specialized to the context of differentiability spaces,
gives a stronger conclusion than Cheeger’s renorming Theorem [Che99, Sec. 12] for
PI-spaces. In fact, Theorem 7.124 works in general differentiability spaces, does re-
quire only a small perturbation of the distance function, and works globally (while
Cheeger’s argument works only on a single chart).
Acknowledgements. The author thanks J. Cheeger for comments on the renorm-
ing trick, B. Kleiner for raising the question of whether it is possible to obtain
Alberti representations in the directions of vector fields, and U. Lang for pointing
out Zu¨st’s bound [Zu¨s11].
Finally, I want to express my gratitude to the referee for carefully reading the
manuscript at suggesting a simplification for the proof of Lemma 5.12.
The mathematical content of the paper originated when the author was a PhD
student at NYU. During the revision phase of the paper the author was supported
by the “ETH Zurich Postdoctoral Fellowship Program and the Marie Curie Actions
for People COFUND Program”.
2. Preliminaries
2.1. Metric currents. We recall here some definitions and facts about metric
currents and refer the reader to [AK00, Lan11] for more information.
Let Dk(X) denote the set of Lipb(X)× (Lip(X))k2 of (k+1)-tuples of Lipschitz
functions where the first one is bounded. Intuitively, we want to think of a (k+1)-
tuple (f, π1, · · · , πk) as a k-differential form fdπ1 ∧ · · · ∧ dπk. A map T : V → R,
where V is a vector space over R is called subadditive if for each v1, v2 ∈ V one
has:
(2.1) |T (v1 + v2)| ≤ |T (v1)|+ |T (v2)| ;
the map T is called positively 1-homogeneous if for all (v, λ) ∈ V × [0,∞) one
has:
(2.2) |T (λv)| = λ |T (v)| .
Definition 2.3. A k-dimensional metric functional T on the metric space X
is a map T : Dk(X) → R which is subadditive and positively 1-homogeneous in
each of its arguments (f, π1, · · · , πk). The boundary ∂T of a k-dimensional metric
functional (k ≥ 1) is the (k − 1)-dimensional metric functional defined by:
(2.4) ∂T (f, π1, · · · , πk−1) = T (1, f, π1, · · · , πk−1).
For 0-dimensional metric functionals we convene that the boundary is 0.
Definition 2.5. A k-dimensional metric functional T has finite mass if there
is a finite Radon measure µ such that for each (f, π1, · · · , πk) ∈ Dk(X):
(2.6) |T (f, π1, · · · , πk)| ≤
k∏
i=1
L(πi)
∫
X
|f | dµ.
2for k = 0 we let D0(X) = Lipb(X)
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In this case there is a minimal µ satisfying (2.6), called the mass of T and denoted
by ‖T ‖.
Remark 2.7. Note that any metric functional T with finite mass can be uniquely
extended to a map T : B∞(X) × (Lip(X))k so that the first argument f can be
taken to be a bounded Borel function.
Definition 2.8. Let T be a k-dimensional metric functional with finite mass. Sup-
pose that l ≤ k and that
(2.9) ω = (ψ, π1, · · · , πl) ∈ B∞(X)× (Lip(X))l ;
the restriction T ω is the (k − l)-dimensional metric functional defined by:
(2.10) T ω(f, π˜1, · · · , π˜k−l) = T (fψ, π1, · · · , πl, π˜1, · · · , π˜k−l).
In the Introduction we recalled the notion of weak* convergence for sequences in
Lipb(X). We now introduce a notion of convergence for sequences in Lip(X) which
plays a fundamental roˆle in the definition of metric currents: if {fn} ⊂ Lip(X) and
f ∈ Lip(X), we write fn w*−−→ f if fn → f pointwise and supn L(fn) <∞.
Definition 2.11. A k-dimensional metric functional T of finite mass is called a
metric current if it satisfies the following additional properties3:
(1) T is multilinear in its arguments f, π1, · · · , πk;
(2) T is alternating in its last k-arguments π1, · · · , πk;
(3) T is local in the sense that if some πi is constant on the set {x : f(x) 6= 0},
then
(2.12) T (f, π1, · · · , πk) = 0;
(4) if one has that fn
w*−−→ f and for i ∈ {1, · · · , k} one also has πi,n w*−−→ πi,
then, under the assumption that supn ‖fn‖∞, ‖f‖∞ <∞, it follows that:
(2.13) lim
n→∞
T (fn, πi,1, · · · , πi,k) = T (f, π1, · · · , πk).
The set of k-dimensional metric currents is denoted by Mk(X) and is a Banach
space with norm ‖T ‖Mk(X) = ‖T ‖(X). An important class of metric currents
consists of the normal currents:
Definition 2.14. A k-dimensional metric current is a normal current if the
boundary ∂T is a metric current. The set of k-dimensional normal currents is
denoted by Nk(X) and is a Banach space with norm:
(2.15) ‖T ‖Nk(X) = ‖T ‖(X) + ‖∂T ‖(X).
2.2. Alberti representations. In this Subsection we recall some facts about Al-
berti representations. We next give the definition of Alberti representation after
elaborating on the definition of fragment given in the introduction.
Definition 2.16. A fragment inX is a Lipschitz map γ : K → X where dom γ = K
is a nonempty compact subset of R. We denote the set of fragments by Frag(X)
and topologize it with the Hausdorff distance between their graphs: d(γ1, γ2) is the
infimum of those ε > 0 such that for each (i, j) ∈ {(1, 2), (2, 1)} one has that for
each ti ∈ dom γi there is a tj ∈ dom γj with d(γi(ti), γj(tj)) ≤ ε and |ti − tj | ≤ ε.
Let µ be a Radon measure on a metric space X and M(X) denote the set of
finite Radon measures on X ; an Alberti representation of µ is a pair (P, ν):
3in this formulation some axioms are redundant, see [AK00, Sec. 3].
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(1) The measure P is a regular Borel probability measure on Frag(X);
(2) The map ν : Frag(X)→M(X) is Borel 4 and νγ ≪ H1γ , where H1γ denotes
the 1-dimensional Hausdorff measure on the image of γ;
(3) The measure µ can be represented as µ =
∫
Frag(X)
νγ dP (γ);
(4) For each Borel set A ⊂ X and for all real numbers a ≤ b, the map γ 7→
νγ (A ∩ γ(domγ ∩ [a, b])) is Borel.
Finally to deal with the operation of restriction, one is led to introduce the restric-
tion of A = (P, ν) to a Borel set U : A U = (P, ν U) [Bat15, Lem. 2.4]. Note
that A U yields an Alberti representation of µ U .
Remark 2.17. Note that in this paper the definition of fragments is different from
that used in [Sch13] because, for a frament γ : K → X , we do not require γ to be
biLipschitz or domγ to have positive Lebesgue measure. However, an application
of the area formula [Kir94, Cor. 8] shows that the results that we cite from [Sch13]
are still valid in this setting. For the reader’s convenience we provide more details
here.
First, note that if dom γ has 0 Lebesgue measure, then the image of γ has 1-
dimensional Hausdorff measure equal to 0 and so νγ = 0 by Axiom (2) in the
definition of an Alberti representation. Thus, we can just consider fragments where
K = domγ has positive Lebesgue measure. Now we can partition K = K−1∪K0∪
K1 where (a) L1(K−1) = 0, (b) the metric differential (see Definition 2.20) md γ
exists and is approximately continuous on K0 and K1, and (c) md γ = 0 on K0
and md γ > 0 on K1. Then H
1
γ(γ(K0)) = 0 by the area formula and by metric
differentiation one can find a countable partition K1 =
⋃
Sα such that γ|Sα is
biLipschitz onto γ(Sα). In this way the part of γ that contributes to the Alberti
representations can be represented as a countable union of biLipschitz fragments.
In order to define notions of speed and direction for Alberti representations we
recall the definitions of Euclidean cone and of the metric differential of a fragment.
Definition 2.18. Let α ∈ (0, π/2), w ∈ Sn−1; the open cone C(w,α) ⊂ Rn with
axis w and opening angle α is:
(2.19) C(w,α) = {u ∈ Rq : tanα〈w, u〉 > ‖π⊥wu‖2},
where π⊥w denotes the orthogonal projection on the orthogonal complement of the
line Rw.
Definition 2.20. For a fragment γ ∈ Frag(X), the metric differential md γ(t) of γ
at t ∈ domγ is the limit
(2.21) lim
dom γ∋t′→t
d(γ(t′), γ(t))
|t′ − t|
whenever it exists; if t is an isolated point of dom γ we convene that the limit is 0.
In order to measure the direction of a fragment γ, one uses a Lipschitz function
f : X → Rq and studies the direction of (f ◦ γ)′ using cones.
Definition 2.22. An n-dimensional cone field C is a Borel map from X to the
set of open cones in Rn. Alternatively, an n-dimensional cone-field C is specified
by a pair of Borel maps α : X → (0, π/2) and w : X → Sn−1 by letting C(x) =
C(α(x), w(x)).
4on M(X) one takes the weak* topology
METRIC CURRENTS AND ALBERTI REPRESENTATIONS 9
Given a Lipschitz function f : X → Rn, an Alberti representation A = (P, ν)
is said to be in the f-direction of the n-dimensional cone-field C if for P -
a.e. γ ∈ Frag(X) and L1 domγ-a.e. t one has (f ◦ γ)′(t) ∈ C(γ(t)).
Definition 2.23. Let σ : X → [0,∞) be Borel and f : X → R be Lipschitz. An
Alberti representation A = (P, ν) is said to be have f-speed ≥ σ (resp. > σ) if
for P -a.e. γ ∈ Frag(X) and L1 domγ-a.e. t one has (f ◦ γ)′(t) ≥ σ(γ(t))md γ(t)
(resp. (f ◦ γ)′(t) > σ(γ(t))md γ(t)).
One finally needs also to control the Lipschitz constant of the fragments used to
produce Alberti representations.
Definition 2.24. An Alberti representation A = (P, ν) is said to be C-Lipschitz
(resp. (C,D)-biLipschitz) if P -a.e. γ is C-Lispchitz (resp. (C,D)-biLipschitz).
Alberti representations are produced using Rainwater’s Lemma [Rai69], which
can be regarded as a generalization of the Radon-Nikodym Theorem. In particular,
one studies a notion of nullity for sets with respects to a family of measures.
Definition 2.25. Let S ⊂ X and Ω ⊂ Frag(X). The set S is said to be Ω-null if
for each γ ∈ Ω one has H1γ(S) = 0.
We will use the previous notion of nullity mainly for the following families of
fragments:
Definition 2.26. Let f : X → Rn and g : X → R be Lipschitz functions, σ :
X → [0,∞) a Borel function and C an n-dimensional cone field. We denote by
Frag(X, f, C, g, > σ) the set of those γ ∈ Frag(X) satisfying:
(f ◦ γ)′(t) ∈ C(γ(t)) for L1 domγ-a.e t;(2.27)
(g ◦ γ)′(t) > σ(γ(t))md γ(t) for L1 dom γ-a.e t;(2.28)
the set Frag(X, f, C, g,≥ σ) is defined by changing the strict inequality in (2.28) to
a non-strict inequality.
The following Theorem (Theorem 2.67 in [Sch13]) is a standard criterion to
produce Alberti representations:
Theorem 2.29. Let X be a complete separable metric space and µ a Radon measure
on X. Then the following are equivalent:
(1) The measure µ admits an Alberti representation in the f -direction of C with
g-speed > σ;
(2) For each ε > 0 the measure µ admits a (1, 1 + ε)-biLipschitz Alberti repre-
sentation in the f -direction of C with g-speed > σ;
(3) Any Borel set S ⊂ X which is Frag(X, f, C, g, > σ)-null is also µ-null.
In the following we will also use a gluing principle for Alberti representations
(compare Theorem 2.49 in [Sch13]).
Definition 2.30. A countable collection {Uα} of µ-measurable and pairwise dis-
joint sets with positive µ-measure is called an L∞(µ)-partition of unity if
µ
((⋃
α Uα
)c)
= 0; note that in this case
(2.31)
∑
α
χUα = 1
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where convergence of the series is understood in the weak* sense. If the sets Uα are
Borel (resp. compact) the L∞(µ)-partition of unity is called Borel (resp. com-
pact).
Theorem 2.32. Let X be a complete separable metric space and µ a Radon measure
on X and {Uα} a Borel L∞(µ)-partition of unity. If for each α the measure µ Uα
admits an Alberti representation in the fα-direction of an Nα-dimensional cone
field Cα with gα-speed ≥ σα, then µ admits an Alberti representation A such that
each restriction A Uα is in the fα-direction of an Nα-dimensional cone field Cα
with gα-speed ≥ σα. Moreover, for each ε > 0 the Alberti representation A can be
assumed to be (1, 1 + ε)-biLipschitz.
2.3. Derivations. An L∞(µ)-module M is a Banach space M which is also an
L∞(µ)-module and such that for all (m,λ) ∈M × L∞(µ) one has:
(2.33) ‖λm‖M ≤ ‖λ‖L∞(µ) ‖m‖M .
Among L∞(µ)-modules a special roˆle is played by L∞(µ)-normed modules:
Definition 2.34. An L∞(µ)-module M is said to be an L∞(µ)-normed module
if there is a map
(2.35) | · |M,loc :M → L∞(µ)
such that:
(1) For each m ∈M one has |m|M,loc ≥ 0;
(2) For all c1, c2 ∈ R and m1,m2 ∈M one has:
(2.36) |c1m1 + c2m2|M,loc ≤ |c1||m1|M,loc + |c2||m2|M,loc;
(3) For each λ ∈ L∞(µ) and each m ∈M , one has:
(2.37) |λm|M,loc = |λ| |m|M,loc;
(4) The local seminorm | · |M,loc can be used to reconstruct the norm of any
m ∈M :
(2.38) ‖m‖M = ‖ |m|M,loc ‖L∞(µ).
Let µ be a Radon measure on the metric space X and denote by Mk(µ) the set
of k-dimensional metric currents whose mass in absolutely continuous with respect
to µ.
Lemma 2.39. The set Mk(µ) is a Banach space and an L
∞(µ)-module. It is not
an L∞(µ)-normed module if
(1) k > 0 and Mk(µ) 6= {0};
(2) k = 0 and µ is not a Dirac measure.
Proof. The space Mk(X) is a Banach space with the mass norm. Suppose that
(2.40) lim
k→∞
‖Tk − T ‖(X) = 0,
and that for each k one has ‖Tk‖(A) = 0; then one has ‖T ‖(A) = 0. Thus, Mk(µ)
is a closed subspace of Mk(X) and hence a Banach space.
The action of L∞(µ) on Mk(µ) is given by
(2.41) λ.T = T λ,
and ‖T λ‖(X) ≤ ‖λ‖L∞(µ) ‖T ‖(X); thus Mk(µ) is an L∞(µ)-module.
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Let δx denote the Dirac measure concentrated at x. Using [AK00, (iii) in
Thm. 3.5] it follows that Mk(δx) = 0 for k > 0. Thus, if T ∈ Mk(µ) is non-
trivial, there is a Borel U ⊂ X with
(2.42) ‖T ‖(U), ‖T ‖(X \ U) > 0;
in particular,
(2.43) ‖T ‖(X) > max(‖T χU‖(X), ‖T (1− χU )‖(X))
and so Mk(µ) is not an L
∞(µ)-normed module.
The same argument can be applied if k = 0 and µ is not a Dirac measure. 
We now introduce the notion of derivations. In the Introduction we described
sequential convergence for the weak* topology on Lipb(X); for further information
we refer the reader to [Wea99, Ch. 2].
Definition 2.44. A derivation D : Lipb(X) → L∞(µ) is a weak* continuous,
bounded linear map satisfying the product rule:
(2.45) D(fg) = fDg + gDf.
Note that the product rule implies that Df = 0 if f is constant. The collection
of all derivations X(µ) is an L∞(µ)-normed module [Wea00, Thm. 2] and the cor-
responding local norm will be denoted by | · |
X(µ),loc. Note also that X(µ) depends
only on the measure class of µ.
Observe that the norm ofD ∈ X(µ) is the supremum of ‖Df‖L∞(µ) for f bounded
and 1-Lipschitz. One can then give a “variational” characterization of |D|
X(µ),loc as
the infimum of λ ∈ L∞(µ) with λ ≥ 0 and such that for each bounded 1-Lipschitz
function g one has |Dg| ≤ λ (note that in L∞(µ) comparisons like f1 ≤ f2 mean
f1(x) ≤ f2(x) for µ-a.e. x).
Finally recall that a free module is a module that has a basis, i.e. a generating
set consisting of linearly independent elements.
Remark 2.46. Consider a Borel set U ⊂ X and a derivation D ∈ X(µ U). The
derivationD can be also regarded as an element of X(µ) by extending Df to be 0 on
X \U (compare Lemma 2.47). In particular, the module X(µ U) can be naturally
identified with the submodule χUX(µ) of X(µ).
Derivations are local in the following sense ([Wea00, Lem. 27]):
Lemma 2.47. If U is µ-measurable and if f, g ∈ Lipb(X) agree on U , then for
each D ∈ X(µ), χUDf = χUDg.
Note that locality allows to extend the action of derivations on Lipschitz func-
tions so that if f ∈ Lip(X) and D ∈ X(µ), Df is well-defined (see Remark 2.115 in
[Sch13]). We now pass to consider some algebraic properties of X(µ).
In general, even if the module X(µ) is finitely generated, it is not free. Neverthe-
less, it is possible to obtain a decomposition into free modules over smaller rings
[Wea00, Sch14]:
Theorem 2.48. Suppose that the module X(µ) is finitely generated with N gener-
ators. Then there is a Borel partition X =
⋃N
i=0Xi such that, if µ(Xi) > 0, then
X(µ Xi) is free of rank i as an L
∞(µ Xi)-module. A basis of X(µ Xi) will be
called a local basis of derivations.
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In many applications in Analysis on metric spaces the assumption that X(µ)
is finitely generated is not restrictive: for example it holds if either µ or X are
doubling (Undefined in [Sch13]).
In practice, to explicitly use the linear independence of some derivations it is
useful to construct pseudodual Lipschitz functions:
Definition 2.49. We say that Lipschitz functions {gj}kj=1 ⊂ Lipb(X) are pseudo-
dual to {Di}ki=1 ⊂ X(µ) on a Borel set U , if χU (Digj − δi,j) = 0 and µ(U) > 0.
In this case, note that the derivations {χUDi}ki=1 ⊂ X(µ U) are independent5.
The following Lemma constructs pseudodual functions given independent deriva-
tions. However, it is a slight improvement of similar results [Gon12a, Sch14] because
it controls the norm of the derivations obtained. This improvement is used in the
proof of Theorem 1.4.
Lemma 2.50. Suppose that the derivations {Di}ki=1 ⊂ X(µ) are independent. Then
there are a Borel L∞(µ)-partition of unity Vα and there are, for each α, derivations
{Dα,i}ki=1 ⊂ χVαX(µ) and 1-Lipschitz functions {gα,j}kj=1 ⊂ Lipb(X) such that:
(1) The submodule of X(µ) generated by the derivations {Dα,i}ki=1 contains the
submodule generated by the derivations {χUαDi}ki=1;
(2) The derivations {Dα,i}ki=1 have norm at most C(k), a universal constant
depending only on k;
(3) The functions {gα,j}kj=1 are pseudodual to the derivations {Dα,i}ki=1 on Vα.
To prove Lemma 2.50 we introduce a notion of normalization for derivations.
We first consider the set where a given derivation vanishes:
Definition 2.51. Given a derivation D ∈ X(µ), having chosen a Borel representa-
tive of |D|
X(µ),loc, we let
(2.52) ND =
{
x : |D|
X(µ),loc (x) = 0
}
;
note that ND is well-defined up to Borel µ-null sets and that λD = 0 iff λ ∈
χNDL
∞(µ). If ND is µ-null, we say that D is nowhere vanishing.
Lemma 2.53. For a derivation D ∈ X(µ), having chosen a Borel representative of
|D|
X(µ),loc, we let for n ∈ N
(2.54) Vn =
{
x : |D|
X(µ),loc ∈
(‖D‖X(µ)/(n+ 1), ‖D‖X(µ)/n]} ;
then
(2.55) D˜ =
∞∑
n=1
µ(Vn)>0
χVn
χVn |D|X(µ),loc
D
defines a derivation, the normalization of D, with
∣∣∣D˜∣∣∣
X(µ),loc
= χ(ND)c . We
will, with slight abuse of notation, denote the normalization of D by D/ |D|
X(µ),loc.
5we consider the ring L∞(µ U)
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Proof. The definition of D˜ by (2.55) is well-posed because for every n ∈ N such that
µ(Vn) > 0 we have that χVn/
(
χVn
∣∣∣D˜∣∣∣
X(µ),loc
)
is a function in L∞(µ). Moreover,
the Vn are uniquely determined up to µ-null sets and so D˜ does not depend on the
choice of a Borel representative for |D|
X(µ),loc. Note that for f ∈ Lipb(X) one has
(2.56) χVn |Df | ≤ χVn |D|X(µ),loc ‖f‖Lipb(X),
and that the sets {Vn : µ(Vn) > 0} are an L∞(µ N cD)-Borel partition of unity.
Thus (2.55) provides a bounded linear map D˜ : Lipb(X) → L∞(µ) with norm at
most 1. Note also that D˜ satisfies the product rule because D does.
We show that D˜ is weak* continuous; by the Krein-Sˇmulian Theorem, if suffices
to check continuity for bounded nets. Therefore, suppose that g ∈ L1(µ) and
fη
w*−−→ f where the set {fη}η ∪{f} is contained in the ball of radiusM in Lipb(X).
For each ε > 0 there is an N such that for all h of norm at most M in Lipb(X),
(2.57)
∣∣∣∣∣∣∣∣
∞∑
n>N
µ(Vn)>0
∫
g
χVn
χVn |D|X(µ),loc
Dhdµ
∣∣∣∣∣∣∣∣ ≤ ε;
as
(2.58) D˜N =
∞∑
n≤N
µ(Vn)>0
χVn
χVn |D|X(µ),loc
D
is a derivation,
(2.59) lim
η
∫
gD˜Nfη dµ =
∫
gD˜Nf dµ;
combining (2.57) and (2.59), we conclude that
(2.60) lim
η
∫
gD˜fη dµ =
∫
gD˜f dµ,
which shows that D˜ is weak* continuous.
We observe that χND annihilates D˜; thus, to show that
∣∣∣D˜∣∣∣
X(µ),loc
= χNc
D
, it
suffices to show that if the subset U ⊂ N cD has positive measure, then ‖χUD˜‖X(µ) =
1. This follows because, for some n, µ(U ∩ Vn) > 0 and
(2.61) χU∩Vn
∣∣∣D˜∣∣∣
X(µ),loc
=
∣∣∣χU∩VnD˜∣∣∣
X(µ),loc
= χU∩Vn .

Proof of Lemma 2.50. Without loss of generality, we can assume that µ is finite.
We first prove that for each ε > 0 there is a Borel L∞(µ)-partition of unity {Vα}
such that:
• For each α there are 1-Lipschitz functions {gα,j}kj=1 and unit norm deriva-
tions {D˜α,i}ki=1 ⊂ χVαX(µ);
• The submodule generated by the derivations {D˜α,i}ki=1 ⊂ χVαX(µ) contains
that generated by the derivations {χVαDi}ki=1;
• The matrix (χVαD˜α,igj)ki,j=1, with entries in L∞(µ Vα) (with absolute
value ≤ 1 because of the first bullet point), is upper triangular;
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• Each entry λ on the diagonal of (χVαD˜α,igj)ki,j=1 satisfies λ ≥ 1− ε (in the
ring L∞(µ Vα)).
We will refer to this property as P (k, ε) and it will be proved by induction on k.
For k = 1, we first replace D1 by its normalization D˜1 (Lemma 2.53) to have∣∣∣D˜1∣∣∣
X(µ),loc
= 1, as D1 is nowhere vanishing. Note that (2.55) implies that D1 =
|D1|X(µ),loc D˜1. We know that the class C1 of Borel subsets W such that there is a
1-Lipschitz g with
(2.62) D1g ≥ 1− ε µ-a.e. on W,
is not empty. We choose
(2.63) µ(V1) ≥ 1
2
sup
W∈C1
µ(W )
and keep going exhausting X in µ-measure (compare the proof of Theorem 2.43 in
[Sch14]). The functions gα are chosen accordingly to the sets Vα so that (2.62) holds.
Then one lets D˜α,1 = χVαD˜1. The derivation χVαD1 belongs to the submodule
generated by D˜α,1 because χVαD1 = |D1|X(µ),loc D˜α,1.
We now show that P (k+1, ε) follows from P (k, ε). Using P (k, ε) for the deriva-
tions {Di}ki=1 we can assume, by replacing µ with a restriction µ V , that there are
1-Lipschitz functions {gj}kj=1 and derivations {D˜i}ki=1 such that P (k, ε) holds. We
let
D
(1)
k+1 = Dk+1 −
Dk+1g1
D˜1g1
D˜1(2.64)
D
(l)
k+1 = D
(l−1)
k+1 −
D
(l−1)
k+1 gl
D˜lgl
D˜l (for 2 ≤ l ≤ k),(2.65)
and consider the normalization D˜k+1 of D
(k)
k+1, so that we have:
(2.66) D˜k+1gj = 0 (1 ≤ j ≤ k);
note that Dk+1 belongs to the submodule generated by the derivations {D˜i}k+1i=1 .
We now apply the argument used in the case k = 1 to the derivation D˜k+1 in order
to complete the proof of P (k + 1, ε).
If Mα denotes the matrix (D˜α,igα,j)
k
i,j=1, its determinant satisfies the bounds:
(2.67) (1− ε)k ≤ detMα ≤ 1,
and its entries lie in [−1, 1]. In particular, letting
(2.68) Dα,i =
k∑
j=1
(M−1α )i,jD˜α,j,
we have |Dα,i|µ Vα,loc ≤ C(k, ε), where C(k, ε) is a universal constant depending
only on k and ε, and Dα,igα,j = δi,jχVα . In fact, the entries ofM
−1
α can be bounded
from above by (k − 1)! det(Mα)−1 using Cramer’s formula for the inverse matrix.
Moreover, solving (2.68) for the derivations {D˜α,i}ki=1 shows that the derivations
{χVαDi}ki=1 belong to the submodule generated by the {Dα,i}ki=1. 
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Consider a Lipschitz map F : X → Y and a Radon measure µ on X ; given a
derivation D ∈ X(µ) the push forward F♯D ∈ X(F♯µ) is the derivation defined
by:
(2.69)
∫
Y
g (F♯D)f dF♯µ =
∫
X
g ◦ F D(f ◦ F ) dµ (∀(f, g) ∈ D1(Y )).
We now recall the notion of 1-forms which are dual to derivations.
Definition 2.70. The module of 1-forms E(µ) is the dual module of X(µ), i.e. it
consists of the bounded module homomorphisms X(µ)→ L∞(µ). The module E(µ)
is an L∞(µ)-normed module and the local norm will be denoted by | · |
E(µ),loc.
Recall that the norm of ω ∈ E(µ) is the supremum of ‖〈D,ω〉‖L∞(µ) forD ∈ X(µ)
of norm 1 (here 〈·, ·〉 denotes the duality pairing). One can then give a “variational”
characterization of |ω|
E(µ),loc as the infimum of λ ∈ L∞(µ) with λ ≥ 0 and such
that for each D ∈ X(µ) of norm 1 one has |〈D,ω〉| ≤ λ.
To each f ∈ Lipb(X) one can associate the 1-form df ∈ E(µ) by letting:
(2.71) 〈df,D〉 = Df (∀D ∈ X(µ));
the map d : Lipb(X)→ E(µ) is a weak* continuous 1-Lipschitz linear map satisfying
the product rule d(fg) = gdf + fdg.
Note that because of Lemma 2.47 one can extend the domain of d to Lip(X) so
that if f is Lipschitz, df is a well-defined element of E(µ) and ‖df‖E(µ) ≤ L(f).
We also point out that while we follow a notion local norms due to Weaver, re-
cently Gigli has done a systematic and beautiful work [Gig15, Gig14] on derivations
and duality for L∞-modules which deals also with other notions of norms, e.g. those
arising from minimal upper gradients. Note also that in this paper we allow for
derivations to have the minimal degree of regularity allowing differential calculus
and thus many notions, like minimal upper gradients, can become vacuous in our
setting.
2.4. Correspondence between derivations and Alberti representations. In
this Subsection we recall some results in [Sch13] about the correspondence between
derivations and Alberti representations. Throughout this Subsection F : X → Rk
denotes a Lipschitz function, α ∈ (0, π/2) an angle, δ a positive constant, w ∈ Sk−1
a unit vector and {ui}k−1i=1 an orthonormal basis for the orthogonal complement of
w.
We first recall an approximation scheme (Theorem 3.66 in [Sch13]) which relates
Alberti representations and the weak* topology on Lipb(X):
Theorem 2.72. Let X be a compact metric space and µ a Radon measure on X.
Suppose that K ⊂ X is compact and Frag (X,F, C(w,α), 〈w,F 〉,≥ δ)-null. Denot-
ing by dδ,α the distance:
(2.73) dδ,α(x, y) = δd(x, y) + cotα
k−1∑
i=1
|〈ui, F (x) − F (y)〉| ,
there is a sequence of real-valued Lipschitz functions {gn} and a Borel S ⊂ K such
that:
(1) µ(K \ S) = 0;
(2) gn
w*−−→ 〈w,F 〉;
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(3) for each x ∈ S and each n there is an rn > 0 such that the restriction
gn|B(x, rn) is 1-Lipschitz with respect to the distance dδ,α.
Note that here we use the l1-distance in the part of dδ,α multiplied by cotα.
In [Sch13] we used the l2-distance, but the result is still true because the l1-distance
is always ≥ the l2-distance.
We will use the following consequence of Theorem 2.72.
Lemma 2.74. Let X be a complete separable metric measure space and µ a Radon
measure on X. Suppose that the compact set K ⊂ X is Frag (X,F, C(w,α), 〈w,F 〉, > δ)-
null. Then there are bounded Lipschitz functions f˜n
w*−−→ f˜ and a Borel subset S ⊂ K
having full µ-measure in K such that:
(1) The function f˜ agrees with 〈w,F 〉 on K;
(2) For each n ∈ N there are bounded Lipschitz functions f˜n,m w*−−→ g˜n where
g˜n agrees with f˜n on S;
(3) For each (n,m) ∈ N2 there are finitely many points {xn,m,a}a ⊂ S and
finitely many disjoint Borel sets {Sn,m,a}a with S =
⋃
a Sn,m,a and
(2.75) f˜n,m = f˜n + dδ,α(·, xn,m,a) on Sn,m,a.
Proof. We apply Theorem 2.72 using K both as the subset and as the ambient
metric space. We thus find a sequence {fn}n ⊂ Lipb(K) with fn w*−−→ 〈w,F 〉, and a
µ-full measure Borel subset S ⊂ K such that for each x ∈ S and each n ∈ N there
is an rn(x) > 0 such that the restriction fn|B(x, rn(x)) ∩K (we are still inside K)
is 1-Lipschitz with respect to the distance dδ,α.
We now take a Mac Shane’s extension f˜n : X → R of fn while keeping
L(f˜n) = L(fn)
‖f˜n‖∞ = ‖fn‖∞.
As X is separable and as the supn L(f˜n) <∞ and the f˜n converge on K to 〈w,F 〉,
using Ascoli-Arzela´ and up to passing to a subsequence, we can assume that f˜n
w*−−→
f˜ where f˜ agrees with 〈w,F 〉 on K.
For each (n,m) ∈ N2 choose a finite 1/m-dense subset {xn,m,a}a ⊂ S and let:
f˜n,m = max
a
{
f˜n(xn,m,a) + dδ,α(·, xn,m,a)
}
so that conclusion (3) is automatically satisfied. Note that we can also truncate
f˜n,m so that:
‖f˜n,m‖∞ = sup
x∈S
|f˜n(x)|,
and without changing its values on points of S.
Finally, using for each n Ascoli-Arzela´ and passing to a subsequence we can
assume f˜n,m
w*−−→ g˜n. To conclude that g˜n agrees with f˜n on S, we pick x ∈ S and
observe that, as the restriction fn|B(x, rn(x))∩K is 1-Lipschitz with respect to the
distance dδ,α, for
1
m < rn(x) one has:∣∣∣f˜n,m(x) − f˜n(x)∣∣∣ ≤ C(α, δ) 1
m
,
where C(α, δ) is independent of n and m. 
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In Theorem 3.11 in [Sch13] it was shown that to a C-biLipschitz Alberti repre-
sentation A of the measure µ it is possible to associate a derivation DA ∈ X(µ) by
using the formula:
(2.76)∫
X
gDAf dµ =
∫
Frag(X)
dP (γ)
∫
dom γ
(f◦γ)′(t)g◦γ(t) d(γ−1♯νγ)(t) (g ∈ L1(µ)∩B∞(X))
to define DAf ; moreover, one has the norm bound ‖DA‖X(µ) ≤ C and if the
Alberti representation A is in the F -direction of the k-dimensional cone field C,
one has DAF (x) ∈ C(x) for µ-a.e. x. Finally note that using Remark 2.17 one
can extend (2.76) to the case of a C-Lipschitz Alberti representations by doing the
replacement:∫
dom γ
(f ◦ γ)′(t)g ◦ γ(t) d(γ−1♯νγ)(t) 7→
∑
α
∫
Sα
(f ◦ γ)′(t)g ◦ γ(t) d(γ−1♯νγ)(t).
In order to compare the derivations associated to different Alberti representations
the following notion of independence for cone fields is useful:
Definition 2.77. We say that the n-dimensional cone fields {Ci}ki=1 are indepen-
dent if for each x ∈ X and each choice of vi,x ∈ Ci(x), the vectors {vi,x}ki=1 are
linearly independent.
Note that if the Alberti representations {Ai}ki=1 are in the F -directions of inde-
pendent cone fields, where F : X → Rk is Lipschitz, the corresponding derivations
{DAi}ki=1 are independent. We will use the following results (Theorem 3.60 and
Corollary 3.95 in [Sch13]):
Theorem 2.78. Let X be a complete separable metric space and µ a Radon measure
on X. Consider a Borel set V ⊂ X, derivations {D1, . . . , Dk} ⊂ X(µ) and a
Lipschitz function g : X → Rk such that Digj = δi,jχV . Then for each ε > 0, unit
vector w ∈ Sk−1, angle α ∈ (0, π/2) and speed parameter σ ∈ (0, 1), the measure
µ V admits a (1, 1 + ε)-bi-Lipschitz Alberti representation in the g-direction of
C(w,α) with
(2.79) 〈w, g〉-speed ≥ σ|Dw|X(µ V ),loc + (1− σ)
,
where Dw =
∑k
i=1 wiDi.
Corollary 2.80. Suppose that the measure µ admits Alberti representations in the
F -direction of k independent cone fields, where F : X → Rk is Lipschitz. Then for
each ε > 0 and each k-dimensional cone field C, the measure µ admits a (1, 1 + ε)-
biLipschitz Alberti representation in the F -direction of C.
Combining Theorem 2.78 and Corollary 2.80 we immediately get:
Corollary 2.81. Suppose that the components {Fi}ki=1 of F : X → Rk are pseu-
dodual to the derivations {Di}ki=1; then for any k-dimensional cone field C, the
measure µ admits an Alberti representation in the F -direction of C.
3. 1-dimensional currents and derivations
The goal of this Section is to make precise the correspondence between 1-
dimensional metric currents and derivations via Theorem 3.7.
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Lemma 3.1. Consider a metric functional T ∈ MFk(X) with finite mass. If
B ⊂ X is Borel and ‖T ‖(B) > 0, then for each η ∈ (0, 1) there are disjoint Borel
sets Bi ⊂ B and 1-Lipschitz functions6 πi : X → Rk:
‖T ‖
(
B \
⊔
i
Bi
)
= 0;(3.2a)
∣∣T (χBi , πi1, · · · , πik)∣∣ > η‖T ‖(Bi).(3.2b)
Proof. The proof uses [AK00, Prop. 2.7] (characterization of mass): for each ε > 0
there are disjoint Borel sets Bi ⊂ B and 1-Lipschitz functions πi : X → Rk:
B =
⋃
i
Bi;(3.3)
∑
i
(
‖T ‖(Bi)−
∣∣T (χBi , πi1, · · · , πik)∣∣) < ε;(3.4)
let Jη = {i :
∣∣T (χBi , πi1, · · · , πik)∣∣ ≤ η‖T ‖(Bi)}; then one has:
(3.5) (1− η)
∑
i∈Jη
‖T ‖(Bi) < ε;
so
(3.6) ‖T ‖

 ⊔
i∈Jη
Bi

 < ε
1− η ;
therefore the conclusion of the Lemma is true for those i 6∈ Jη which cover all but
ε
1−η of the ‖T ‖-measure of B. The result follows by an exhaustion argument. 
Theorem 3.7. Let µ be a finite Radon measure on X. There is a map
(3.8)
Derµ :M1(µ)→ X(µ)
T 7→ DT
where DT ∈ X(‖T ‖) is the unique derivation satisfying
T (f, π) =
∫
fDTπ d‖T ‖ (∀(f, π) ∈ L1(‖T ‖)× Lip(X))(3.9a)
|DT |X(‖T‖),loc = 1.(3.9b)
Moreover, one also has:
(3.10) |DT |X(µ),loc (x) =
{
1 if d‖T‖dµ (x) 6= 0
0 otherwise.
Conversely, there is an L∞(µ)-module homomorphism map
(3.11)
Curµ : X(µ)→M1(µ)
D 7→ TD
where TD is the unique current satisfying
TD(f, π) =
∫
fDπ dµ (∀(f, π) ∈ L1(‖T ‖)× Lip(X))(3.12a)
‖TD‖ = |D|X(µ),loc µ.(3.12b)
6with respect to the l∞-norm
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Proof. Given T ∈ M1(µ), for a fixed f ∈ Lipb(X) one defines a linear functional
on L1(‖T ‖) by:
(3.13) g 7→ T (g, f) (g ∈ L1(‖T ‖));
the Riesz Representation Theorem gives a unique DT f ∈ L∞(‖T ‖):
(3.14)
∫
X
gDT f d‖T ‖ = T (g, f);
the map DT : Lipb(X)→ L∞(‖T ‖) is a derivation because:
• It is linear by linearity of currents;
• It is bounded with norm 1 because:
(3.15)
∣∣∣∣
∫
X
gDT f d‖T ‖
∣∣∣∣ ≤ L(f)
∫
X
|g| d‖T ‖;
• The product rule follows from [AK00, Eq. 3.1 in Thm. 3.5];
• The weak* continuity follows from the continuity axiom for currents ((4)
in Defn. 2.11).
Note that the module X(‖T ‖) can be canonically identified with the submodule
χUTX(µ) where
(3.16) UT =
{
x ∈ X : d‖T ‖
dµ
(x) > 0
}
,
so Derµ is well-defined and then (3.10) will follow from (3.9b).
By Lemma 3.1, for each η ∈ (0, 1) we can find disjoint Borel sets Bi and 1-
Lipschitz functions πi ∈ Lip(X) with ‖T ‖(X \⋃iBi) = 0 and
(3.17) T (χBi , π
i) > η‖T ‖(Bi);
in particular, for each n ∈ N one has χSiDTπi ≥ nn+1ηχSi , where Si is a subset
of Bi of measure at least
η
n+1‖T ‖(Bi); using an exhaustion argument and then
letting η → 1 and n ր ∞, we conclude that (3.9b) holds. Note that we have
used the fact that each derivation D ∈ X(µ) can be canonically extended to a map
D : Lip(X)→ L∞(µ) (see Remark 2.115 in [Sch13]).
We now prove the second part of this Theorem; note that for D ∈ X(µ) (3.12a)
uniquely determines a current TD ∈M1(µ) because the axioms of metric currents
follow from the corresponding properties of derivations. Note also that TD1+D2 =
TD1 + TD2 and TλD = TD λ, showing that Curµ is an L
∞(µ)-module homomor-
phism.
As |Dπ| ≤ L(π) |D|
X(µ),loc, ‖TD‖ ≤ |D|X(µ),loc µ. On the other hand, for each
η ∈ (0, 1) and each Borel set A, we can find disjoint Borel sets Bi ⊂ A and 1-
Lipschitz functions πi with ‖T ‖(A \⋃iBi) = 0 and
(3.18) χBiDπ
i ≥ ηχBi |D|X(µ),loc ;
in particular,
(3.19) ‖TD‖(A) ≥ η
∫
A
|D|
X(µ),loc dµ
which implies (3.12b). 
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Remark 3.20. From Theorem 3.7 one obtains the following identities:
Curµ (Derµ(T ))
d‖T ‖
dµ
= T(3.21)
Derµ (Curµ(D)) =
D
|D|
X(µ),loc
.(3.22)
4. Currents and Alberti representations
The goal of this Section is to prove Theorem 1.3. Throughout this Section we
will denote by {ei}ki=1 the standard basis of Rk. In the proof of Theorem 1.3 we will
use the following consequence of Rainwater’s Lemma [Rai69] (compare Corollary
5.8 in [Bat15] and Lemma 2.59 in [Sch13]):
Lemma 4.1. Let X be a complete separable metric space and µ a Radon measure
on X. Let f : X → Rk be a Lipschitz map, w ∈ Sk−1, α ∈ (0, π/2) and δ > 0. For
any Borel subset B ⊂ X there are disjoint Borel sets A,S such that:
(1) A ∪ S = B;
(2) The measure µ A admits an Alberti representation in the f -direction of
C(w,α) with 〈w, f〉-speed ≥ δ;
(3) The set S is Frag(X, f, C(w,α), 〈w, f〉,≥ δ)-null.
The proof of Theorem 1.3 relies on the following Lemma:
Lemma 4.2. Let X be as above and let T be a k-dimensional metric current in
X. Suppose that T (χB, π1, · · · , πk) ≥ η‖T ‖(B), where B is Borel and π : X → R
is 1-Lipschitz and η > 0; then for all pairs (δ, α) ∈ (0, η)× (0, π/2) there is a Borel
partition B = Aei ∪ Sei with ‖T ‖ Aei admitting an Alberti representation in the
π-direction of C(ei, α) with πi-speed ≥ δ and ‖T ‖(Aei ) ≥ (η − δ)‖T ‖(B).
Proof. Without loss of generality, we assume i = 1. Because of Lemma 4.1 we will
obtain an upper bound on ‖T ‖(K), whereK ⊂ B is compact and Frag(X, π, C(e1, α), π1,≥
δ)-null. We apply Lemma 2.74 and we will use the notation from its statement in the
remainder of the proof. In particular, we take w = e1, ui = e1+i and F = (πi)
k
i=1.
The following estimate is obtained by using the locality axiom ((3) in Definition
2.11) and (2.75):
(4.3)
∣∣∣T (χSn,m,a, f˜n,m,a, π2, . . . , πk)∣∣∣ ≤ δ ∣∣T (χSn,m,a, d(·, xn,m,a), π2, . . . , πk)∣∣
+ cotα
∑
β>1
∣∣T (χSn,m,a, |πβ − πβ(xn,m,a)| , π2, . . . , πk)∣∣ ;
we now let
(4.4)
Sn,m,a,β+ = {x ∈ Sn,m,a : πβ(x) ≥ πβ(xn,m,a)}
Sn,m,a,β− = {x ∈ Sn,m,a : πβ(x) < πβ(xn,m,a)} ,
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and conclude that, for β > 1,
T (χSn,m,a, |πβ − πβ(xn,m,a)|, π2, . . . , πk)
= T (χSn,m,a,β+, πβ − πβ(xn,m,a), π2, . . . , πk)
− T (χSn,m,a,β− , πβ − πβ(xn,m,a), π2, . . . , πk)
= T (χSn,m,a,β+, πβ , π2, . . . , πk)
− T (χSn,m,a,β− , πβ , π2, . . . , πk)
= 0
(4.5)
where in the last inequality we used that currents are alternating. Combining (4.3)
and (4.5) we obtain:
(4.6)
∣∣∣T (χSn,m,a, f˜n,m,a, π2, · · · , πk)∣∣∣ ≤ δ‖T ‖(Sn,m,a).
Summing in a and letting mր∞ we obtain:
(4.7)
∣∣∣T (χS , f˜n, π2, · · · , πk)∣∣∣ ≤ δ‖T ‖(S);
but as ‖T ‖(K \ S) = 0:
(4.8)
∣∣∣T (χK , f˜n, π2, · · · , πk)∣∣∣ ≤ δ‖T ‖(K);
letting nր∞ and using that f˜ = π1 on K we conclude that
(4.9) |T (χK , π1, π2, · · · , πk)| ≤ δ‖T ‖(K).
The proof is completed by applying Lemma 4.1. 
Proof of Theorem 1.3. For η ∈ (0, 1) let the sets Bj and the functions πj satisfy
the conclusion of Lemma 3.1 for B = X . Let α ∈ (0, π/2) be such that the
cone fields {C(ei, α)}ki=1 are independent. For δ > 0, Lemma 4.2 gives a partition
Bj = Aj,e1 ∪ Sj,e1 with ‖T ‖ Aj,e1 admitting an Alberti representation in the πj -
direction of C(e1, α) with πj1-speed ≥ δ and
(4.10) ‖T ‖(Aj,e1 ) ≥ (η − δ)‖T ‖(B);
proceeding by induction and applying Lemma 3.1, we obtain a partition
(4.11) Bj = Aj,e1,...,ek ∪ Sj,e1,...,ek
with ‖T ‖ Aj,e1,...,ek admitting Alberti representations in the πj -directions of the
cone fields {C(ei, α)}ki=1 and
(4.12) ‖T ‖(Aj,e1,...,ek) ≥
k∏
i=1
(η − iδ)
︸ ︷︷ ︸
c
‖T ‖(B).
If δ ∈ (0, η/k), c > 0; as ‖T ‖ Aj,e1,...,ek admits Alberti representations in the πj -
directions of k independent cone fields, the proof is completed by applying Corollary
2.80 and an exhaustion argument. 
Corollary 4.13. If X is a metric space with Assouad dimension ≤ Q, then
(4.14) Mk(X) = {0}
for k > Q; moreover, if T ∈Mk(X), the module X(‖T ‖) if finitely generated with
at most Q generators.
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Proof. It follows by Theorem 1.3 and by Corollary 4.6 in [Sch13]. 
Note that a more general result, which fully exploits the alternating property of
metric currents, was obtained by Zu¨st [Zu¨s11, Prop. 2.5] who showed thatMk(X) =
{0} for k strictly larger than the Nagata dimension of the space X . The class of
spaces with finite Nagata dimension is larger than the class of spaces with finite
Assouad dimension and the Assouad dimension bounds the Nagata dimension from
above [LDR15, Thm. 1.1].
5. A representation formula
The goal of this Section is to prove Theorem 1.4 and the representation formula
(1.5) which expresses metric currents in terms of derivations. We will use some
terminology and results from Subsection 7.1 where, roughly speaking, we construct
the exterior powers of the modules X(µ) and E(µ). The dispirited reader may just
want to think of expressions like D1 ∧ · · · ∧Dk and df1 ∧ · · · ∧ dfk as analogues of
measurable k-vectors and k-covectors fields and keep in mind that as X(µ) and E(µ)
are L∞(µ)-normed modules, their exterior products can be constructed in three
different categories: Banach spaces, L∞(µ)-modules and L∞(µ)-normed modules.
Remark 5.1. We construct a bilinear pairing between the L∞(µ)-normed mod-
ules Extkµ,locX(µ) and Ext
k
µ,loc E(µ); for notational simplicity, we will let X
k(µ) =
Extkµ,locX(µ) and E
k(µ) = Extkµ,loc E(µ). Consider the map:
(5.2)
Φ : (X(µ))k × (E(µ))k → L∞(µ)
((D1, · · · , Dk), (ω1, · · · , ωk)) 7→ det(〈Di, ωj〉)ki,j=1.
For a fixed k-tuple Ω = (ω1, · · · , ωk), the map
(5.3)
ΦΩ : (X(µ))
k → L∞(µ)
(D1, · · · , Dk) 7→ Φ((D1, · · · , Dk),Ω)
is alternating L∞(µ)-multilinear and satisfies the bound
|ΦΩ(D1, · · · , Dk)| ≤
∑
σ∈Perm(k)
k∏
i=1
|〈Dσ(i), ωi〉|
≤ k!
k∏
i=1
|Di|X(µ),loc
k∏
j=1
|ωj|E(µ),loc .
(5.4)
By the universal property of Xk(µ) we obtain an L∞(µ)-homomorphism ΦˆΩ :
Xk(µ)→ L∞(µ). Note that the map
(5.5)
Ψ : (E(µ))k → (Xk(µ))′
Ω 7→ ΦˆΩ
is an alternating L∞(µ)-multilinear map with norm at most k! (by (5.4)). By the
universal property of Ek(µ) we obtain a homomorphism Ψˆ : Ek(µ)→ (Xk(µ))′ and
thus an L∞(µ)-bilinear pairing
(5.6)
〈·, ·〉 : Xk(µ)× Ek(µ)→ L∞(µ)
(ξ, ω) 7→ Ψˆ(ω)(ξ),
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satisfying
(5.7) |〈ξ, ω〉| ≤ k! |ξ|
Xk(µ),loc |ω|Ek(µ),loc .
By a similar argument, we can produce a pairing working in the category of
L∞(µ)-modules:
(5.8) 〈·, ·〉 : Extkµ X(µ)× Extkµ E(µ)→ L∞(µ)
which is L∞(µ)-bilinear and satisfies:
(5.9) ‖〈ξ, ω〉‖L∞(µ) ≤ k!‖ξ‖ExtkµX(µ)‖ω‖Extkµ E(µ).
Working in the category of Banach spaces we can produce a pairing
(5.10) 〈·, ·〉 : Extk X(µ)× Extk E(µ)→ L∞(µ)
which is R-bilinear an satisfies
(5.11) ‖〈ξ, ω〉‖L∞(µ) ≤ k!‖ξ‖Extk X(µ)‖ω‖Extk E(µ).
Note that given (D1, · · · , Dk) ∈ (X(µ))k, we can regardD1∧· · ·∧Dk as either an
element of Xk(µ), or of ExtkµX(µ) or of Ext
k
X(µ). In the sequel, unless specified
all three possibilities are admitted. A similar observation can be applied to an
expression df1 ∧ · · · ∧ dfk where (f1, · · · , fk) ∈ (Lip(X))k and to a pairing 〈D1 ∧
· · · ∧Dk, df1 ∧ · · · ∧ dfk〉.
We now prove the local version of Theorem 1.4:
Lemma 5.12. For T ∈ Mk(X), suppose that the module X(‖T ‖) is free on the
derivations {Di}Ni=1 which have pseudodual functions {gi}Ni=1 ⊂ Lipb(X). Then
there are {λa}a∈Λk,N ⊂ L∞(‖T ‖) such that:
(5.13) T (f, π1, · · · , πk) =
∑
a∈Λk,N
∫
X
fλa 〈Da1 ∧ · · · ∧Dak , dπ1 ∧ · · · ∧ dπk〉 d‖T ‖,
where Λk,N denotes the set of ordered k-tuples consisting of distinct elements of
{1, · · · , N}.
Proof. Recall from the discussion soon after [AK00, Eq. 2.5] that for a metric
current T the first argument f can be taken to be a bounded Borel function or an
element of L∞(‖T ‖). Therefore we will assume that f ∈ L∞(‖T ‖) with |f | ≤ 1
and that each πi is 1-Lipschitz. Let ω = (f, π1, · · · , πk−1) so that the current
T ω ∈ M1(X) satisfies ‖T ω‖ ≪ ‖T ‖ by [AK00, Eq. 2.5]. In particular, we can
also regard f as an element of L∞(‖T ω‖) as there is a natural homomorphism
L∞(‖T ‖) → L∞(‖T ω‖) obtained by restricting each h ∈ L∞(‖T ‖) to the set
where d‖T ω‖/d‖T ‖ 6= 0 (if such a set is empty then the measure ‖T ω‖ is trivial
so L∞(‖T ω‖) is also trivial).
By Theorem 3.7 we have:
(5.14) T (f, π1, · · · , πk) = T ω(πk) =
∫
X
DT ωπk d‖T ‖
where DT ω = Der‖T‖(T ω) is the derivation associated to the 1-dimensional
current T ω.
By assumption there are bounded Borel functions {λi}Ni=1 ⊂ B∞(X):
(5.15) DT ω =
N∑
i=1
λiDi.
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Note also that as the {gi}Ni=1 are pseudodual to the {Di}Ni=1 we have λi = DT ωgi.
We now get:
T ω(f, πk) =
∫
X
fDT ωπk d‖T ω‖ =
N∑
j=1
∫
X
fDT ωgjDjπk d‖T ω‖
=
N∑
j=1
T ω(fDjπk, gj),
(5.16)
which establishes:
(5.17) T (f, π1, · · · , πk) =
N∑
j=1
T (fDjπk, π1, · · · , πk−1, gj).
If Λ′k,N denotes the set of k-tuples on {1, · · · , N}, by using induction in (5.17),
(5.18) T (f, π1, · · · , πk) =
∑
a∈Λ′
k,N
T (fDa1π1 · · ·Dakπk, ga1 , · · · , gak);
as currents are alternating
(5.19) T (f, π1, · · · , πk) =
∑
a∈Λk,N
T (f〈Da1∧· · ·∧Dak , dπ1∧· · ·∧dπk〉, ga1 , · · · , gak);
the map ψ ∈ L1(‖T ‖) 7→ T (ψ, ga1 , · · · , gak) defines a linear functional on L1(‖T ‖)
which is represented by some λa ∈ L∞(‖T ‖) by the Riesz representation Theorem.
We conclude that:
(5.20) T (f, π1, · · · , πk) =
∑
a∈Λk,N
∫
X
fλa 〈Da1 ∧ · · · ∧Dak , dπ1 ∧ · · · ∧ dπk〉 d‖T ‖.

We now prove Theorem 1.4:
Proof of Theorem 1.4. Suppose that X(‖T ‖) has N generators; then by Theorem
2.48 there is an L∞(‖T ‖)-Borel partition of unity {Uβ}β∈J such that J is finite
with at most N elements and X(‖T ‖ Uβ) is free of rank Nβ ≤ N . Having selected
a local basis of derivations for each Uβ , we can apply Lemma 2.50 to obtain an
L∞(‖T ‖)-Borel partition of unity {Vα} such that:
• The module X(‖T ‖ Vα) has a basis {Dα,i}Nαi=1.
• The norms of the derivations {Dα,i}Nαi=1 are bounded by a universal constant
C(N).
• There are 1-Lipschitz functions {gα,j}Nαj=1 pseudodual to the derivations
{Dα,i}Nαi=1 on Vα.
The hypotheses of Lemma 5.12 are met by the currents {T Vα} and we have local
representations:
(5.21)
T Vα(f, π1, · · · , πk) =
∑
a∈Λk,Nα
∫
Vα
fλα,a 〈Dα,a1 ∧ · · · ∧Dα,ak , dπ1 ∧ · · · ∧ dπk〉 d‖T ‖;
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for any subset W ⊂ Vα and any index a ∈ Λk,Nα , letting πi = gα,ai , we obtain from
(5.21) the lower bound
(5.22) ‖T ‖(W ) ≥ T Vα(χW , gα,a1 , · · · , gα,ak) =
∫
W
λα,a d‖T ‖,
which implies the upper bound ‖λα,a‖L∞(‖T‖ Vα) ≤ 1.
Note that we can regard Λk,Nα as a subset of Λk,N and for ai ∈ {1, · · · , N} \
{1, · · · , Nα} we will improperly use the notation Dα,ai to denote the trivial deriva-
tions. Similarly, if some entry ai of a is > Nα we will let λα,a = 0. Note that
Dai =
∑
α
χVαDα,ai , (1 ≤ i ≤ k)(5.23)
define elements of X(‖T ‖) with norm bounded by C(N), and that
(5.24) λa =
∑
α
χVαλα,a
define elements of L∞(‖T ‖) of norm at most 1. Therefore
(5.25) ωT =
∑
a∈Λk,N
λaDa1 ∧ · · · ∧Dak
defines an element of Xk(‖T ‖) with norm at most (C(N))k(Nk ). By Remark 5.1 one
can also regard ωT as an element of either Ext
k
‖T‖ X(‖T ‖) or Extk X(‖T ‖).
We now observe that:
T (f, π1, · · · , πk) =
∑
α
(T Vα) (f, π1, · · · , πk)
=
∑
α
∑
a∈Λk,Nα
∫
Vα
fλα,a 〈Dα,a1 ∧ · · · ∧Dα,ak , dπ1 ∧ · · · ∧ dπk〉 d‖T ‖
=
∑
α
∑
a∈Λk,N
∫
Vα
f 〈Da1 ∧ · · · ∧Dak , dπ1 ∧ · · · ∧ dπk〉 d‖T ‖
=
∑
α
∫
X
fχVα〈ωT , dπ1 ∧ · · · ∧ dπk〉 d‖T ‖
=
∫
X
f 〈ωT , dπ1 ∧ · · · ∧ dπk〉 d‖T ‖,
(5.26)
which proves (1.5). 
Remark 5.27. A consequence of Theorem 1.4 is that one can regard a k-dimensional
metric current T as a map defined on L1(‖T ‖)×Ek(‖T ‖). Moreover, noting that if
T ∈Mk(µ) one can regard L∞(‖T ‖) (respectively Xk(‖T ‖), Ek(‖T ‖)) as submod-
ules of L∞(µ) (respectively Xk(µ), Ek(µ)), the current T can be viewed as a map
defined on L∞(µ)× Ek(µ) and one can take ωT ∈ Xk(µ).
Remark 5.28. Note that Theorem 1.4 implies [Wil12, Thm. 1.3]. In fact, if (X,µ) is
a differentiability space, by Lemma 4.1 in [Sch13] the module X(µ) can be identified
with the set of bounded measurable sections of the Cheeger’s measurable tangent
bundle TµX (defined in [Che99, pg. 463]). Then the module X
k(µ) coincides with
the set of bounded measurable sections of the k-th exterior power of TµX ; in this
way, we recover [Wil12, Thm. 1.3].
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For k ≥ 2, it is not clear how to identify the elements of Xk(µ) which give rise to
currents. However, we have a partial result concerning normal currents. We start
by generalizing the notion of precurrents which was introduced by Williams in the
context of differentiability spaces.
Definition 5.29. Suppose that µ is a finite Radon measure on X . Then each
ξ ∈ Xk(µ) defines a k-metric functional Tξ by:
(5.30) Tξ(f, π1, · · · , πk) =
∫
X
f〈ξ, dπ1 ∧ · · · ∧ dπk〉 dµ;
moreover, Tξ is multilinear in the arguments (f, π1, · · · , πk) and alternating in the
arguments (π1, · · · , πk). Note also that (5.7) implies that Tξ has finite mass:
(5.31) ‖Tξ‖ ≤ k! |ξ|Xk(µ),loc µ.
We also have that Tξ is local in the sense that if
(5.32)
{
x : |ξ|
Xk(µ),loc (x) 6= 0
}
⊂
k⋃
α=1
Vα,
where the Vα are Borel sets with πα constant on Vα, then
(5.33) Tξ(f, π1, · · · , πk) = 0.
In fact, by Theorem 7.72, for each ε > 0 we can find ξ′ ∈ Xk(µ) of the form
(5.34) ξ′ =
∑
i∈Iξ
Di1 ∧ · · · ∧Dik
with ‖ξ−ξ′‖Xk(µ) ≤ ε. Then (5.33) follows because for eachD ∈ X(µ), χVαDπα = 0.
We will call Tξ the k-precurrent associated to ξ and we will denote by Pk(µ)
the set of k-precurrents.
Theorem 5.35. Given ξ ∈ Xk(µ), if the metric functional ∂Tξ has finite mass,
then Tξ is a normal current. If X(µ) is finitely generated, the set Nk(µ), which
consists of the normal currents whose mass is absolutely continuous with respect to
µ, coincides with the set of those Tξ ∈ Pk(µ) whose boundary ∂Tξ has finite mass.
Proof of Theorem 5.35. Assume that the metric functional ∂Tξ has finite mass. In
order to show that Tξ is a metric current, it suffices to check the continuity axiom
(4) in Definition 2.11. Suppose that fh
w*−−→ f and πi,h w*−−→ πi for all 1 ≤ i ≤ k.
Note that:
(5.36)
|Tξ(fh, π1,h, · · · , πk,h)− Tξ(f, π1,h, · · · , πk,h)| ≤
k∏
i=1
L(πi,h)
∫
X
|fh − f | d‖Tξ‖
so that
(5.37) lim
h→∞
|Tξ(fh, π1,h, · · · , πk,h)− Tξ(f, π1,h, · · · , πk,h)| = 0.
Moreover, we have:
Tξ(f, π1,h, π2,h, · · · , πk,h)− Tξ(f, π1, π2,h, · · · , πk,h)
= ∂Tξ(f(π1,h − π1), π2,h, · · · , πk,h)
− Tξ(π1,h − π1, f, π2,h, · · · , πk,h);
(5.38)
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as
|∂Tξ(f(π1,h − π1), π2,h, · · · , πk,h)| ≤
k∏
i=2
L(πi,h)
∫
X
|f(π1,h − π1)| d‖∂Tξ‖,(5.39)
|Tξ(π1,h − π1, f, π2,h, · · · , πk,h)| ≤ L(f)
k∏
i=2
L(πi,h)
∫
X
|π1,h − π1| d‖Tξ‖,(5.40)
from (5.38) we have:
(5.41) lim
h→∞
|Tξ(f, π1,h, π2,h, · · · , πk,h)− Tξ(f, π1, π2,h, · · · , πk,h)| = 0.
Using that Tξ is alternating in the last k arguments and induction in i, the previous
argument gives:
(5.42) lim
h→∞
|Tξ(fh, π1,h, π2,h, · · · , πk,h)− Tξ(f, π1, π2, · · · , πk)| = 0,
which shows that Tξ is a metric current. As ∂Tξ has finite mass, the current Tξ
is normal. The second part of this Theorem follows from Theorem 1.4 because, if
X(µ) is finitely generated, any metric current is a precurrent. 
6. Applications
6.1. Approximation of 1-currents by Normal currents. The goal of this Sub-
section is to prove Theorem 1.6. We make the set theoretic assumption that the
cardinality of any set is an Ulam number so that by [AK00, Lem 2.9] the masses
of metric currents are concentrated on countable unions of compact sets. This
assumption is not needed if we consider currents in separable Banach spaces.
Let Curves(X) denote the set of Lipschitz maps from [0, 1] to X topologized as a
subspace of K([0, 1]×X). To each γ ∈ Curves(X), one can then associate a normal
current [γ] by letting:
(6.1) [γ](fdπ) =
∫ 1
0
(f ◦ γ)(t)(π ◦ γ)′(t) dt ((f, π) ∈ B∞(X)× Lip(X)) .
Note that the mass measure of [γ] can be bounded by:
(6.2) ‖[γ]‖ ≤ γ♯
(
md γ · L1 [0, 1]) .
Lemma 6.3. Let Z be a Banach space and µ a σ-finite Radon measure on Z.
Suppose that the derivations {Di}ki=1 ⊂ X(µ) are independent. Then there is a Borel
L∞(µ)-partition of unity Vα and there are, for each α, derivations {Dα,i}ki=1 ⊂
χVαX(µ) and unit norm functionals {z∗α,j}kj=1 ⊂ Z∗ such that:
(1) The submodule of X(µ) generated by the derivations {Dα,i}ki=1 is the same
as the submodule generated by the derivations {χVαDi}ki=1;
(2) The functionals {z∗α,j}kj=1 are pseudodual to the derivations {Dα,i}ki=1 on
Vα.
Proof. Note that µ is concentrated on a Kσ-set, i.e. a countable union of compact
sets; in particular, sptµ is separable and we can assume that Z is separable by
taking the closure of the linear span of sptµ. Up to passing to a Borel L∞(µ)-
partition of unity we can assume that Z is also bounded. Let {zi} ⊂ Z be a
countable dense set and for i 6= j choose a unit norm linear functional z∗i,j with
〈z∗i,j , zi−zj〉 = ‖zi−zj‖Z . By the Stone-Weierstrass Theorem for Lipschitz Algebras
[Wea99, Cor. 4.1.9], the family of functionals {z∗i,j}i,j is a countable generating
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set7 for Lipb(Z). By [Sch14, Prop. 2.35] we can find a Borel L
∞(µ)-partition
of unity {Vα} and for each α unit functionals {z∗α,j}kj=1 such that, letting Mα =
(Diz
∗
α,j)
k
i,j=1, we have detMα 6= 0 on Vα. Up to passing to a further Borel partition
we can assume that for each α there is a δα > 0 such that:
(6.4) |detMα(x)| ∈ (δα, 2δα) (∀x ∈ Vα);
we then let Dα,i =
∑k
j=1(M
−1
α )i,jDj . 
Proof of Theorem 1.6. We make the following preliminary Observation (Obs1):
suppose that
∑
k Tk is either a finite sum of 1-currents or a series with
(6.5)
∑
k
‖Tk‖M1(Z) <∞,
and suppose also that for each n there is a sequence of normal currents {Nk,n} ⊂
N1(Z) such that
(6.6) lim
n→∞
‖Tk −Nk,n‖M1(Z) = 0;
then, if we let T =
∑
k Tk, there is a sequence of normal currents {Nn} ⊂ N1(Z)
such that (1.7) holds.
As X(‖T ‖) is finitely generated, by Theorem 2.48 and (Obs1) we can reduce
to the case in which X(‖T ‖) is free of rank N . Applying Lemma 6.3 and (Obs1),
we can assume that X(‖T ‖) has a basis consisting of derivations {Di}Ni=1 such
that there are unit norm linear functionals {z∗j }Nj=1 which are pseudodual to the
{Di}Ni=1. Let z∗ = (z∗j )Nj=1 and {ei}Ni=1 the standard basis of RN ; by Corollary 2.81
for any α ∈ (0, π/2) the measure ‖T ‖ admits C-Lipschitz Alberti representations
{Ai}Ni=1 with Ai in the z∗-direction of C(ei, α) (and with positive z∗i -speed); note
that, up to taking an L∞(‖T ‖)-partition of unity and choosing α sufficiently small,
we can assume that the derivations {DAi}Ni=1 form a basis of X(‖T ‖). Applying
Theorem 7.115, we can assume that Ai = (Pi, νi) with sptPi ⊂ Curves(Z) and
(νi)γ = hiΨγ , where hi is a Borel function on Z and Ψγ = γ♯L1 [0, 1]. Denoting
the derivation Der‖T‖(T ) by DT , there are bounded Borel functions {λi}Ni=1 such
that DT =
∑N
i=1 λiDi; but this implies that
(6.7) T =
N∑
i=1
Cur‖T‖(λiDi),
and by (Obs1) we reduce to the case in which T = λDA where λ is a bounded
Borel function and A = (P, ν) is a C-Lipschitz Alberti representation with sptP ⊂
Curves(Z) and νγ = hΨγ . Let µ denote the measure
(6.8) µ =
∫
Curves(Z)
Ψγ ;
note that ‖T ‖ ≪ µ and hλ ∈ L1(µ); as Lipb(Z) is dense in L1(µ), we can find, for
each ε > 0, a function g ∈ Lipb(Z) such that:
(6.9) ‖g − hλ‖L1(µ) ≤ ε.
7i.e. for each f ∈ Lipb(Z) there is a sequence of polynomials {Pn} ⊂ Lipb(Z) in the z
∗
i,j
with
Pn
w*
−−→ f .
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Note that the metric current N defined by
(6.10) N(fdπ) =
∫
Curves(Z)
dP (γ)
∫
γ
f∂γπ dΨγ
=
∫
Curves(Z)
dP (γ)
∫
[0,1]
f ◦ γ(t) (π ◦ γ)′(t) dt
is normal and so N g is normal. However, (6.9) implies that
(6.11) ‖N g − T ‖M1(Z) ≤ C‖g − hλ‖L1(µ) ≤ Cε.

6.2. Alberti representations with constant directions. In this Subsection
we illustrate a different method to produce Alberti representations. This method
allows to refine the way in which the direction is specified. In fact, the cone field is
replaced by a vector field and one can also use countably many Lipschitz functions.
This method relies on results of [PS12, PS13] on the structure of 1-dimensional
normal currents.
We state the Paolini-Stepanov decomposition of normal currents using parametrized
curves: note, however, that in [PS13] the result is stated using non-parametrized
curves. Recall also that the metric space X is assumed Polish.
Theorem 6.12 (Corollary 3.3 in [PS13]). Let N be a 1-dimensional normal current
defined on X; then there is a finite Radon measure η on the space K([0, 1]×X) of
compact subsets of [0, 1]×X which is concentrated on Curves(X), and such that:
N =
∫
Curves(X)
[γ] dη(γ);(6.13)
‖N‖ =
∫
Curves(X)
‖[γ]‖ dη(γ);(6.14)
‖N‖(X) =
∫
Curves(X)
l(γ) dη(γ),(6.15)
where l(γ) denotes the length of γ which is given by:
(6.16) l(γ) =
∫ 1
0
md γ(t) dt.
Note that the integrals in (6.13) and (6.14) make sense because the maps γ 7→ [γ]
and γ 7→ ‖[γ]‖ are Borel in the following sense: for each (f, π) ∈ B∞(X)× Lip(X)
and each Borel E ⊂ X , the maps γ 7→ [γ](fdπ) and γ 7→ ‖γ‖(E) are Borel. We
need to introduce more terminology:
Definition 6.17. The set of maps γ ∈ Curves(X) with Lipschitz constant at
most n is a Polish space and is denoted by Curvesn(X). The set of Lipschitz
maps γ : K → X , where K is a nonempty compact subset of [0, 1], is denoted
by Pieces(X) and topologized as a subset of K([0, 1] × X). Note that Pieces(X)
is a subset of Frag(X) and a Borel subset of K([0, 1] × X). The subset of maps
γ ∈ Pieces(X) with Lipschitz constant at most n is a Polish space and is denoted
by Piecesn(X). If (γ, γ˜) ∈ Curves(X)×Pieces(X) and γ| dom γ˜ = γ˜, we say that γ˜
is a piece of γ.
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To each γ ∈ Pieces(X), one can associate a metric current [γ] by letting:
(6.18) [γ](fdπ) =
∫
dom γ
(f ◦ γ)(t)(π ◦ γ)′(t) dt ((f, π) ∈ B∞(X)× Lip(X)) ;
a modification of the argument in Lemma 3.1 in [Sch13] shows that, for each (f, π) ∈
B∞(X)× Lip(X), the map
(6.19)
Pieces(X)→ R
γ 7→ [γ](fdπ)
is Borel. Having fixed an open set U ⊂ X , there is a countable collection FU of
1-forms ω =
∑
i fidπi such that, for each γ ∈ Pieces(X),
(6.20) ‖γ‖(U) = sup
ω∈FU
[γ](ω);
this implies that, for each Borel E ⊂ X , the map:
(6.21)
Pieces(X)→ [0,∞)
γ 7→ ‖[γ]‖(E)
is Borel. Note also that the mass of the current associated to γ ∈ Pieces(X) can
be bounded from above similarly as in (6.2):
(6.22) ‖[γ]‖ ≤ γ♯
(
md γ · L1 domγ) .
We now discuss the notion of Alberti representations in the direction of a vector
field v. In greater generality, we consider l2-valued Lipschitz maps, where l2 is the
Hilbert space of l2-summable sequences. In the following, we let R∞ denote the
product of countably many copies of R with the product topology. Note that any
map F : X → l2 is determined by its components Fi; in particular, if F is Lipschitz
and D ∈ X(µ), we can choose a Borel representative of each DFi and denote by
DF the Borel map DF : X → R∞ whose i-th component is DFi. Moreover, we
can stipulate that the maps DFi : X → R are uniformly bounded, with the bound
indepedent of i. In the following, this will always be assumed when we apply a
derivation D ∈ X(µ) to a Lipschitz function F : X → l2. We finally call a Borel
map v : X → R∞, such that the components vi are uniformly bounded by some
C > 0, a vector field.
In connection with the idea of using countably many Lipschitz maps to control
derivations, we point out that the idea has been used independently by Ambrosio
and Trevisan [AT14] in the study of ODEs associated to derivations. Note however,
that here we consider derivations with a lesser degree of regularity.
Definition 6.23. Let F : X → l2 be Lipschitz and v : X → R∞ a vector field.
Denote by Nv the set where v vanishes:
(6.24) Nv = {x ∈ X : v(x) = 0} .
We say that the Alberti representation A = (P, ν) of µ (X \ Nv) is in the F -
direction of v if for P -a.e. γ and L1-a.e. t ∈ dom γ there is a λ = λ(γ, t) > 0 such
that:
(6.25) (F ◦ γ)′(t) = λv (γ(t)) .
Given a Lipschitz map F : X → l2, to produce vector fields v with µ (X \Nv)
admitting an Alberti representation in the F -direction of v, we will use a special
class of derivations.
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Definition 6.26. A derivation D ∈ X(µ) is called normal if there is a Borel
L∞(µ (X \ND))-partition of unity {Uα} such that for each α there are:
(1) An isometric embedding ια : Uα → Zα where Zα is a Polish space.
(2) A normal current Nα in Zα with ια♯(µ Uα)≪ ‖Nα‖.
(3) Denoting by DN ∈ X(‖Nα‖) the derivation associated to Nα given by
Theorem 3.7, there is λα ∈ L∞(‖Nα‖) with λα ≥ 0 and
(6.27) ια♯χUαD = λαDNα .
Note that in (6.27) we have used that (2) allows to identify ια♯D with a derivation
in X(‖Nα‖).
Remark 6.28. We want to remark that there are many normal derivations. Suppose
that µ admits an Alberti representation in the f -direction of an n-dimensional cone
field C. The proof of Theorem 2.67 in [Sch13] allows us to assume that there is an
L∞(µ)-partition of unity {Kα} such that, for each α:
(1) The set Kα is compact and embedds isometrically in Sα, which is a convex
compact subset of some Banach space;
(2) Regarding µ Kα as a measure on Sα, it admits a 1-Lipschitz Alberti rep-
resentation Aα in the f -direction of C;
(3) The Alberti representation Aα is of the form
(6.29) µ Kα =
∫
Frag(Sα)
gαΨγ dPα;
(4) gα is a bounded Borel function vanishing on Sα \Kα;
(5) The probability measure Pα is concentrated on the set Lip1([0, τα], Sα) of
1-Lipschitz maps [0, τα]→ Sα, where τα ∈ (0, 1];
(6) Ψγ = γ♯L1 [0, τα].
We can then define a normal current Nα ∈ N1(Sα) by:
(6.30) Nα =
∫
Frag(Sα)
[γ] dPα,
so that µ Kα ≪ ‖Nα‖ andDAα = χ{gα 6=0}DNα for some nonnegative λα ∈ B∞(Sα)
which vanishes on Sα \ Kα. Thus, the derivation D ∈ X(µ) defined by D =∑
α χKαDAα is a normal derivation. Moreover, if X(µ) is finitely generated, by
choosing Alberti representations in the directions of independent cone fields, we get
a generating set for X(µ) consisting of normal derivations. If X(µ) is not finitely
generated, Theorem 3.97 in [Sch13] implies that the Lipb(X)-span of the set of
normal derivations is weak* dense in X(µ). Note that in this case it is necessary
to use the Lipb(X)-span instead of the L
∞(µ)-span. In fact, if D1, D2 are normal
derivations and if λ1, λ2 ∈ L∞(µ), then λ1D1 + λ2D2 might not be a normal
derivation. However, if λ1 and λ2 are Lipschitz
8, then λ1D1 + λ2D2 is a normal
derivation because if N is a normal current and f is Lipschitz, then N f is still a
normal current.
The goal of this Subsection is the proof of the following Theorem:
Theorem 6.31. Let F : X → l2 a Lipschitz map and D ∈ X(µ) a normal deriva-
tion. Then µ (X \ NDF ) admits a 1-Lipschitz Alberti representation in the F -
direction of DF .
8more precisely, λ1 and λ2 have Lipschitz representatives
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The proof of Theorem 6.31 requires some preparation and part of it has been
split into some intermediate Lemmas.
Lemma 6.32. In proving Theorem 6.31 we can assume that:
(1) The metric space X is a compact subset of a Polish space Z.
(2) The map F : X → l2 is 1-Lipschitz and extends to a 1-Lipschitz map
F : Z → l2.
(3) There is a normal current N ∈ N1(Z) with µ ≪ ‖N‖ and D = λDN ,
where DN is the derivation associated to N given by Theorem 3.7, and
λ ∈ L∞(‖N‖) is nonnegative.
(4) There are constants 0 < C1 ≤ C2 such that:
(6.33) C1 ≤ dµ
d‖N‖(x) ≤ C2 (∀x ∈ X).
Proof. The proof makes repeated use of the gluing principle for Alberti represen-
tations, Theorem 2.32. Let {Uα, Zα, Nα, ια} be as in the definition of a normal
derivation 6.26. By taking an L∞(µ Uα)-partition of unity of each Uα, we can as-
sume that the Uα are compact. By the gluing principle for Alberti representations
(Theorem 2.32), it suffices to show that the desired representation esists for each
µ (Uα \ NDF ). In the following we can thus write X for Uα and drop the index
α from the notation. Note also that the vector field DF ◦ ι−1 can be extended to
a vector field v : Z → R∞. By Theorem 2.15 in [Sch13] one can also show that
the desired representation exists for ι♯(µ (X \ NDF )); note that in this case the
direction is determined by the function F ◦ ι−1 : ι(X)→ l2. In the following we will
then identify ι(X) with X , ι♯µ with µ, and ι♯D with D. We now take a MacShane
extension
(6.34) F˜i : Z → R
of Fi with the same Lipschitz constant L(Fi) and then choose ci ∈ (0, 1) such that
(6.35)
∑
i
c2iL(Fi)
2 ≤ 1.
In particular, the mapG : Z → l2 with componentsGi = ciF˜i is 1-Lipschitz. Recall-
ing the discussion before Definition 6.23, we also have, after choosing appropriate
Borel representatives, that the components of the vector field DG satisfy:
(6.36) DGi = ciDFi.
Consider a fragment γ : K → X . As l2 has the Radon-Nikodym property, F ◦γ and
G◦γ are differentiable for t ∈ Q ⊂ K, where the Borel set Q satisfies L1(K \Q) = 0.
Moreover, at each point t ∈ Q we have that (F ◦γ)′(t) and (G◦γ)′(t) are determined
by the derivatives (Fi ◦ γ)′(t) and (Gi ◦ γ)′(t) which are related by
(6.37) (Fi ◦ γ)′(t) = ci(Gi ◦ γ)′(t).
In particular, for λ > 0 the following equations are equivalent:
(F ◦ γ)′(t) = λDF (γ(t))(6.38)
(G ◦ γ)′(t) = λDG (γ(t)) ,(6.39)
and so we can replace F with G. Finally, we take another L∞(µ)-partition of unity
to ensure that (4) holds. 
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The second ingredient in the proof of Theorem 6.31 is the following notion of
strict convexity for the local norm in X(µ).
Definition 6.40. The local norm | · |
X(µ),loc on X(µ) is called strictly convex if
the following holds: whenever one has that for derivations D1, D2 ∈ X(µ) and for
a Borel set U :
(6.41)
|D1 +D2|X(µ),loc (x) = |D1|X(µ),loc (x) + |D2|X(µ),loc (x) (for µ-a.e. x ∈ U),
then there are Borel sets V1, V2 and nonnegative λ1 ∈ L∞(µ V1), λ2 ∈ L∞(µ V2)
such that one has:
µ (U \ (V1 ∪ V2)) = 0;(6.42)
χV1D1 = λ1D2;(6.43)
χV2D2 = λ2D1.(6.44)
In Subsection 7.3 we show (Theorem 7.124) that it is always possible to perturb
the metric on X in a biLipschitz way and obtain a strictly convex local norm on
X(µ). Therefore, for ε > 0, we can assume that the metric d on Z has been replaced
by a metric d(ε) such that:
(6.45) d ≤ d(ε) ≤ (1 + ε)d,
and | · |(ε)
X(‖N‖),loc is strictly convex. We now apply Theorem 6.12 to obtain decom-
positions of N as in (6.13) and (6.14). We also construct countably many vector
fields wj : Z → R∞ such that:
(1) For each j, there is Mj ∈ N such that i > Mj implies (wj)i = 0, where
(wj)i is the i-th component of wj .
(2) If DF (z) 6= 0 and ξ ∈ R∞ \ {0} is not a positive multiple of DF (z), then
〈wj(z), ξ〉 > 0 for some j.
(3) For each z ∈ Z, one has 〈wj(z), DF (z)〉 ≤ 0.
We will denote by w0 : Z → R∞ the null vector field.
We now introduce the set Ωfail of those curves which, roughly speaking, meet
X in a set of positive measure where the direction of F ◦ γ fails to be a positive
multiple of DF . Specifically, we say that a curve γ ∈ Curves(Z) belongs to Ωfail if
and only if there is a piece γ˜ of γ such that:
(1) F ◦ γ is differentiable at each point t ∈ dom γ˜.
(2) At each point t ∈ dom γ˜, the vector (F ◦γ)′(t) is either 0 or, if it is nonzero,
it is not a positive multiple of DF ◦ γ(t).
(3) The piece γ˜ meets X \NDF in positive mass measure: ‖[γ˜]‖(X \NDF ) > 0.
In general, the set Ωfail is not Borel, but, after completing η, we will show that it
becomes η-measurable. The goal is then to show that η(Ωfail) = 0. Note that the
set Ωfail is a countable union of the sets
(6.46) Ωn(wj) ⊂ Curvesn(Z)
defined as follows: γ ∈ Curvesn(Z) belongs to Ωn(wj) if and only if there is a piece
γ˜ of γ such that:
F1: F ◦ γ is differentiable at each point t ∈ dom γ˜.
F2: At each point t ∈ dom γ˜, if j 6= 0 one has 〈(F ◦ γ)′(t), wj (γ(t))〉 ≥ 1n ,
and if j = 0 one has (F ◦ γ)′(t) = 0.
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F3: The piece γ˜ meets X \ NDF in mass measure at least 1/n: ‖[γ˜]‖(X \
NDF ) ≥ 1n .
We will thus study the measurability properties of each set Ωn(wj), which is the
projection of
(6.47) Ω(1)n (wj) =
{
(γ, γ˜) ∈ Curvesn(Z)× Piecesn(Z) : γ˜ is a piece of γ
and (F1), (F2) and (F3) hold
}
on Curvesn(Z).
Lemma 6.48. The set Ω
(1)
n (wj) is of class Π
1
1, i.e. coanalytic. Thus Ωn(wj) is of
class Σ12 and, moreover, there is a uniformizing function σj,n : Ωn(wj)→ Ω(1)n (wj)
which is universally measurable and whose graph is of class Π11.
Proof. We prove the Lemma for j 6= 0 as the case j = 0 requires a minor modifica-
tion of the argument. Consider the set Ω
(2)
n (wj) ⊂ Curvesn(Z)×Piecesn(Z)× [0, 1]
consisting of the triples (γ, γ˜, t) such that:
G1: γ˜ is a piece of γ.
G2: ‖[γ˜]‖(X \NDF ) ≥ 1n .
G3: either t 6∈ dom γ˜ or t ∈ dom γ˜ and F ◦ γ is differentiable at t with
〈(F ◦ γ)′(t), wj (γ(t))〉 ≥ 1n .
We show that Ω
(2)
n (wj) is Borel. First note that the set of couples (γ, γ˜) such
that γ˜ is a piece of γ is closed in Curvesn(Z) × Piecesn(Z). Second, as the map
γ˜ 7→ ‖[γ˜]‖(X \NDF ) is Borel (6.21), the set of pieces with ‖[γ˜]‖(X \NDF ) ≥ 1n is
Borel. Third, the set of pairs (γ˜, t) with t ∈ dom γ˜ is closed. Therefore, we have
only to show that the set
(6.49)
Ω˜ =
{
(γ, t) ∈ Curvesn(Z)× [0, 1] : (F ◦ γ)′(t) exists and 〈(F ◦ γ)′(t), wj (γ(t))〉 ≥ 1
n
}
is Borel. Let S denote a countable dense set of l2. We then have:
(6.50)
Ω˜ =
⋂
ε∈Q∩(0,1)
⋃
δ∈Q∩(0,1)
⋂
s1,s2∈Q∩(0,1)
⋃
ξ∈S
(
Curvesn(Z)×
{
t ∈ (0, 1) : |t− s1| ≥ δ
or |t− s2| ≥ δ
} ∪ S(ε, δ, s1, s2, ξ)),
where (γ, t) ∈ S(ε, δ, s1, s2, ξ) if and only if the following inequalities hold:
|t− si| < δ (i = 1, 2)(6.51)
‖F ◦ γ(t)(s1 − s2)− (t− s2)F ◦ γ(s1) + (t− s1)F ◦ γ(s2)‖l2 ≤ ε|t− s1| |t− s2|
(6.52)
‖F ◦ γ(t)− F ◦ γ(s1)− ξ(t− s1)‖l2 ≤ ε|t− s1|(6.53)
〈ξ, wj (γ(t))〉 ≥ 1
n
− ε.(6.54)
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We conclude that S(ε, δ, s1, s2, ξ) is Borel and so Ω˜ is Borel, which completes the
proof that Ω
(2)
n (wj) is Borel. Note that Ω
(1)
n (wj) is the coprojection of Ω
(2)
n (wj)
on Curvesn(Z) × Piecesn(Z), which implies that Ω(1)n (wj) is coanalytic. By the
definition of the class Σ12, as Ωn(wj) is the projection of a conalytic set, it is of class
Σ12. By the Σ
1
1-determinacy [Kec95, Cor. 36.21], Ωn(wj) is universally measurable
and there is a uniformizing function σj,n as in the statement of this Lemma. 
We now define maps
(6.55)
Ξj,n : Curvesn(Z)→M1(Z)
γ 7→
{
[σj,n(γ)] if γ ∈ Ωn(wj)
0 otherwise,
and
(6.56)
Ξcj,n : Curvesn(Z)→M1(Z)
γ 7→
{
[γ]− [σj,n(γ)] if γ ∈ Ωn(wj)
[γ] otherwise.
Note that for each (f, π) ∈ B∞(Z)× Lip(Z) and each Borel set E ⊂ Z, the maps:
γ 7→ Ξj,n(γ)(fdπ)(6.57)
γ 7→ Ξcj,n(γ)(fdπ)(6.58)
γ 7→ ‖Ξj,n(γ)‖(E)(6.59)
γ 7→ ‖Ξcj,n(γ)‖(E)(6.60)
are universally measurable. In particular, they are η-measurable, as we assume
that η is complete. Moreover, by definition of the maps Ξj,n and Ξ
c
j,n, we have the
relation:
(6.61) [γ] = Ξj,n(γ) + Ξ
c
j,n(γ);
this implies that
(6.62) ‖[γ]‖ ≤ ‖Ξj,n(γ)‖+ ‖Ξcj,n(γ)‖;
however, for η-a.e. γ, if γ ∈ Ωn(wj), (6.15) implies that:
(6.63) ‖[γ]‖(Z) = l(γ) =
∫ 1
0
md γ(t) dt
=
∫
domσj,n(γ)
md γ(t) dt+
∫
[0,1]\domσj,n(γ)
md γ(t) dt
≥ ‖Ξj,n(γ)‖(Z) + ‖Ξcj,n(γ)‖(Z),
and thus, for η-a.e. γ, we have:
(6.64) ‖[γ]‖ = ‖Ξj,n(γ)‖+ ‖Ξcj,n(γ)‖.
Lemma 6.65. For each n and j we have that η(Ωn(wj)) = 0.
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Proof of Lemma 6.65. We argue by contradiction assuming that η(Ωn(wj)) > 0.
Note that:
(6.66) N =
∫
Curves(Z)
Ξj,n(γ) dη(γ)︸ ︷︷ ︸
Tj,n
+
∫
Curves(Z)
Ξcj,n(γ) dη(γ)︸ ︷︷ ︸
T cj,n
,
and, using (6.64),
(6.67) ‖N‖(Z) =
∫
Curves(Z)
‖[γ]‖(Z) dη(γ) =
∫
Curves(Z)
‖Ξj,n(γ)‖(Z) dη(γ)
+
∫
Curves(Z)
‖Ξcj,n(γ)‖(Z) dη(γ)
≥ ‖Tj,n‖(Z) + ‖T cj,n‖(Z),
where we used: ∫
Curves(Z)
‖Ξj,n(γ)‖(Z) dη(γ) ≥ ‖Tj,n‖(Z),(6.68) ∫
Curves(Z)
‖Ξcj,n(γ)‖(Z) dη(γ) ≥ ‖T cj,n‖(Z).(6.69)
In particular, Tj,n and T
c
j,n are complementary subcurrents of N because (6.67)
implies that
(6.70) ‖N‖ = ‖Tj,n‖+ ‖T cj,n‖.
Moreover, we also have that:
‖Tj,n‖ =
∫
Curves(Z)
‖Ξj,n(γ)‖ dη(γ),(6.71)
‖T cj,n‖ =
∫
Curves(Z)
‖Ξcj,n(γ)‖ dη(γ).(6.72)
By Theorem 3.7 we find derivations Dj,n, D
c
j,n ∈ X(‖N‖) such that
Tj,n(fdπ) =
∫
Z
fDj,nπ d‖N‖(6.73)
T cj,n(fdπ) =
∫
Z
fDcj,nπ d‖N‖(6.74)
‖Tj,n‖ = |Dj,n|(ε)X(‖N‖),loc ‖N‖(6.75)
‖T cj,n‖ =
∣∣Dcj,n∣∣(ε)X(‖N‖),loc ‖N‖.(6.76)
Note that (6.33) implies that the measures ‖N‖ X and µ are in the same measure
class and we can thus identify the rings L∞(‖N‖ X) and L∞(µ) and the modules
X(‖N‖ X) and X(µ). Having picked a Borel representative of |Dj,n|(ε)X(‖N‖),loc and
letting
(6.77) Xj,n =
{
x ∈ X \NDF : |Dj,n|(ε)X(‖N‖),loc (x) > 0
}
,
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we show that µ(Xj,n) > 0 by showing that ‖Tj,n‖(X \NDF ) > 0:
(6.78)
‖Tj,n‖(X \NDF ) =
∫
Curves(Z)
‖Ξj,n(γ)‖(X \NDF ) dη(γ) ≥ 1
n
η(Ωn(wj)) > 0.
We now combine (6.70), (6.75) and (6.76) with the strict convexity of | · |(ε)
X(‖N‖),loc
and the fact that |Dj,n|(ε)X(‖N‖),loc > 0 on Xj,n, to conclude that there are nonnega-
tive λcj,n, λj,n ∈ B∞(Z), which vanish on Z \Xj,n and are such that:
λcj,nD
c
j,n = λj,nDj,n;(6.79)
λcj,n(z) > 0 (∀z ∈ Z).(6.80)
We then conclude that
(6.81) λcj,nDN = (λ
c
j,n + λj,n)Dj,n.
If j = 0 we have λc0,nDNF = 0 which contradicts the fact that λ
c
0,nDF 6= 0. For
j 6= 0 we argue as follows: let Mj be the maximal index such that (wj)Mj 6= 0; we
consider the 1-form ω =
∑Mj
k=1(wj)k dFk and let g denote a nonnegative continuous
function; we have:
(6.82)
∫
Z
g〈wj , Dj,nF 〉 d‖N‖ = Tj,n(gω) =
∫
Curves(Z)
Ξj,n(γ)(gω) dη(γ);
now, if γ ∈ Ωn(wj),
∑Mj
k=1(wj)k(γ(t)) (Fk ◦ γ)′(t) ≥ 1/n for t ∈ domσj,n, which
implies:
(6.83)
∫
Z
g〈wj , Dj,nF 〉 d‖N‖ ≥ 1
n
∫
Ωn(wj)
dη(γ)
∫
domσj,n
g ◦ γ(t) dt;
as the curves in Ωn(wj) are n-Lipschitz and because of (6.22), we obtain
(6.84)
∫
Z
g〈wj , Dj,nF 〉 d‖N‖ ≥ 1
n2
∫
Ωn(wj)
dη(γ)
∫
domσj,n
g ◦ γ(t) md γ(t) dt
≥ 1
n2
∫
Ωn(wj)
dη(γ)
∫
Z
g d‖Ξj,n(γ)‖
=
1
n2
∫
Z
g d‖Tj,n‖
=
1
n2
∫
Z
g |Dj,n|(ε)X(µ),loc d‖N‖.
From (6.84) we conclude that 〈wj , Dj,nF 〉 > 0 on Xj,n; moreover, from (6.81)
we obtain 〈wj , DF 〉 > 0 on Xj,n, but this contradicts the choice of wj . Thus,
η(Ωn(wj)) = 0. 
Proof of Theorem 6.31. By Lemma 6.65 we have η(Ωn(wj)) = 0 which implies
η(Ωfail) = 0. Therefore, for η-a.e. γ and L1 domγ-a.e. t, (F ◦ γ)′(t) is a pos-
itive multiple of DF (γ(t)). The desired Alberti representation is then obtained
using the measure η. Specifically, let
(6.85) Rep : Curves(Z)→ Frag(Z)
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be a Borel map which reparametrizes each γ ∈ Curves(Z) to a 1-Lipschitz map
Rep : [0, ⌈L(γ)⌉]→ Z. Note that up to passing to a Borel L∞(µ)-partition of unity
we can assume that the set X \NDF is compact; we now consider the measure:
(6.86) ν1 =
∫
Curves(Z)
‖[Rep(γ)]‖ dη(γ) =
∫
Frag(Z)
‖[γ]‖ d(Rep♯η)(γ)
and observe that ‖N‖ ≪ ν1 and that Rep♯η is concentrated on the set of 1-Lipschitz
fragments. We now let
(6.87) Frag(Z,X \NDF ) =
{
γ ∈ Frag(Z) : γ−1(X \NDF ) 6= ∅
}
and note that Frag(Z,X \NDF ) is a closed subset of Frag(Z). An argument similar
to that of Lemma 2.22 in [Sch13] shows that the map:
(6.88)
RedX\NDF : Frag(Z,X \NDF )→ Frag(X)
γ 7→ γ|γ−1(X \NDF )
is Borel. We now consider the measure
(6.89)
ν2 =
∫
Frag(Z,X\NDF )
‖[RedX\NDF (γ)]‖ d(Rep♯η)(γ) =
∫
Frag(X)
‖[γ]‖ d(RedX\NDF ♯Rep♯η)(γ)︸ ︷︷ ︸
η2
and note that µ≪ ν2; an Alberti representation as in the statement of this Theorem
is then:
(6.90)
µ =
∫
Frag(X)
(Rep♯η)(Frag(Z,X \NDF )) ‖[γ
dµ
dν2
]‖ dη2(γ)
(Rep♯η)(Frag(Z,X \NDF ))
.

7. Technical tools
7.1. Exterior Products. In this Subsection we define the exterior powers in dif-
ferent categories:
• In the category Ban, whose objects are Banach spaces and whose mor-
phisms are bounded linear maps;
• In the category ∞µ Mod, whose objects are L∞(µ)-modules and whose mor-
phisms are bounded module homomorphisms;
• In the category ∞µ Modloc, whose objects are L∞(µ)-normed modules and
whose morphisms are bounded module homomorphisms.
In the following, if Z is a Banach space, we will denote by Z∗ its dual. If Z is
also an L∞(µ)-module, we will denote by Z ′ the dual module; note that Z∗ and Z ′
are, in general, different (Example 7.13).
Definition 7.1. For Banach spaces Z and W , let Altk(Z;W ) denote the set of
alternating multilinear maps ϕ : Zk → W which are bounded with respect to the
norm:
(7.2) ‖ϕ‖Altk(Z;W ) = sup
{
‖ϕ(m1, · · · ,mk)‖W : max
i=1,··· ,k
‖mi‖Z ≤ 1
}
.
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Definition 7.3. For L∞(µ)-modules M and N , let Altk(M ;N) denote the set of
alternating L∞(µ)-multilinear maps ϕ : Mk → N which are bounded with respect
to the norm:
(7.4) ‖ϕ‖Altk(M ;N) = sup
{
‖ϕ(m1, · · · ,mk)‖N : max
i=1,··· ,k
‖mi‖M ≤ 1
}
.
Definition 7.5. Let Z be an Banach space. The projective k-th power of Z
in the category Ban is a pair (Extk Z, π), where Extk Z is an Banach space and
π ∈ Altk(Z; Extk Z), which satisfies the following universal property: for each ϕ ∈
Altk(Z;W ), where W is an Banach space, there is a unique ϕˆ ∈ hom(Extk Z,W )
which makes the following diagram commutative:
(7.6)
Zk Extk Z
W

ϕ
//
π
zzt
t
t
t
t
t
t
t
ϕˆ
and such that ‖ϕˆ‖hom(Extk Z,W ) = ‖ϕ‖Altk(Z;W ).
Definition 7.7. Let M be an L∞(µ)-module. The projective k-th power of
M in the category ∞µ Mod is a pair (Ext
k
µM,π), where Ext
k
µM is an L
∞(µ)-
module and π ∈ Altk(M ; ExtkµM), which satisfies the following universal property:
for each ϕ ∈ Altk(M ;N), where N is an L∞(µ)-module, there is a unique ϕˆ ∈
hom(ExtkµM,N) which makes the following diagram commutative:
(7.8)
Mk Ext
k
µM
N

ϕ
//
π
zzt
t
t
t
t
t
t
t
ϕˆ
and such that ‖ϕˆ‖hom(ExtkµM,N) = ‖ϕ‖Altk(M ;N).
Definition 7.9. Let M be an L∞(µ)-normed module. The projective k-th
power ofM in the category ∞µ Modloc is a pair (Ext
k
µ,locM,π), where Ext
k
µ,locM
is an L∞(µ)-normed module and π ∈ Altk(M ; Extkµ,locM), which satisfies the fol-
lowing universal property: for each ϕ ∈ Altk(M ;N), where N is an L∞(µ)-normed
module, there is a unique ϕˆ ∈ hom(Extkµ,locM,N) which makes the following dia-
gram commutative:
(7.10)
Mk Ext
k
µ,locM
N

ϕ
//
π
zzt
t
t
t
t
t
t
t
ϕˆ
and such that ‖ϕˆ‖hom(Extk
µ,loc M,N)
= ‖ϕ‖Altk(M ;N).
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We now present some illustrative examples. Recall that an atom for a measure
µ is a positive measure set A such that for each proper subset B, µ(B) = 0; note
that if A is an atom for a Radon measure µ, A is a singleton. A measure without
atoms is called non-atomic; in particular, a Radon measure µ is non-atomic if and
only if µ({x}) = 0 for each singleton {x}. We now recall the Sierpin´ski’s Theorem
[Fry04, pg. 39]:
Theorem 7.11. If µ is a non-atomic measure on a space X with µ(X) = c < ∞
and Σ is the σ-algebra of µ-measurable sets, then there is a function S : [0, c]→ Σ
which is monotone with respect to inclusion and is a right inverse of µ : Σ→ [0, c].
In the following we will assume p ∈ [1,∞).
Example 7.12. If µ is a finite sum of Dirac masses, Lp(µ) can be identified with
L∞(µ) and so is free of rank 1.
Suppose that µ is non-atomic; in particular, by Theorem 7.11, given any positive
measure set U , it is possible to find f ∈ Lp(µ U) with ‖f‖Lp(µ) ≤ 1 and ∀n
µ(x ∈ U : |f(x)| > n) > 0. Suppose that Lp(µ) was generated by f1, · · · , fN ;
then there would be a set of positive measure U on which the fi, and hence all the
element in Lp(µ) would be uniformly bounded, leading to a contradiction.
However, any two elements of Lp(µ) are linearly dependent over L∞(µ). If
f ∈ Lp(µ) vanishes on a set of positive measure U , it suffices to note that f is
annihilated by χU . If f and g are nowhere vanishing, there is a positive measure
set U on which 0 < c0 < |f |, |g| < c1 < ∞; then it is possible to find λ ∈ L∞(µ)
with χUf + λg = 0. In particular, if f ∈ Lp(µ) is nowhere vanishing, the algebraic
submodule generated by f is dense.
Example 7.13. Given an L∞(µ)-moduleM , there are two notions of dual. The dual
module of M , hom(M,L∞(µ)) = M ′ is an L∞(µ)-normed module. However, the
dual Banach space of M , M∗, is also an L∞(µ)-module if we let
(7.14) λ.ϕ(m) = ϕ(λm).
For example, if M = Lp(µ), then M∗ = Lq(µ).
We show that if µ is non-atomic, then the algebraic dual of M (and hence M ′)
is trivial. By replacing µ by µ U , where U is a set of positive measure, we can
assume that µ is finite, so that L∞(µ) ⊂ Lp(µ); let Φ : Lp(µ) → L∞(µ) be a
module homomorphism; supposing that Φ(1) 6= 0, we can use Theorem 7.11 to find
f ∈ Lp(µ) and µ-measurable sets Un such that:
• for each n, Φ(1)χUnf ∈ L∞(µ);
• for each n:
(7.15) µ ({x ∈ Un : |Φ(1)χUnf |(x) > n}) > 0.
Note that
(7.16) χUnΦ(f) = Φ(χUnf) = Φ(1)χUnf
shows that Φ(f) /∈ L∞(µ), a contradiction. Thus Φ(1) = 0 implying Φ = 0. In this
case, the dual module of Lp(µ) is trivial.
Suppose now that µ is a countable sum of Dirac masses: µ =
∑
n cnδpn , so that
a function f is in the unit ball of Lp(µ) if and only if
(7.17)
∑
n
|fn|pcn ≤ 1 (fn = f(pn));
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let ϕ ∈M ′ and note that for m 6= n one has:
(7.18) χ{pm}ϕ
(
χ{pn}
)
= ϕ
(
χ{pm} · χ{pn}
)
= ϕ(0) = 0;
therefore there is a sequence {λn} ⊂ R satisfying:
(7.19) ϕ
(
χ{pn}
)
= λnχ{pn}.
The sequence {λn} satisfies also the bound:
(7.20) |λn| ≤ ‖ϕ‖ (cn)
1
p
and, for each f ∈ Lp(µ), one has:
(7.21) ϕ
(
fχ{pn}
)
= fnλn χ{pn};
we thus conclude that
(7.22) ϕ(f) =
∞∑
n=1
fnλn χ{pn}.
Conversely, any sequence {λn} ⊂ R satisfying supn(cn)−1/p|λn| < ∞ gives rise to
a ϕ ∈ M ′ via (7.22). We finally remark that the norm of ϕ is determined by the
corresponding {λn}:
(7.23) ‖ϕ‖ = sup
n
|λn|(cn)− 1p .
Example 7.24. For an L∞(µ)-module N , Altk(Lp(µ);N) is trivial for k ≥ 2, while
the case k = 1 has been treated in Example 7.13. Let Ω denote the set of those
f ∈ Lp(µ) ∩ L∞(µ) such that the set:
(7.25) Ef = {x : f(x) 6= 0}
has finite measure. Then Ω is a dense algebraic submodule of Lp(µ); in particular,
T ∈ Altk(Lp(µ);N) is determined by its values on Ωk; now let {f1, ·, fk} ⊂ Ω and
E =
⋃k
i=1Efi ; then χE ∈ Ω and
(7.26) T (f1, · · · , fk) = f1f2 · · · fk · T (χE , χE , · · · , χE) = 0
by the alternating property. We thus conclude that T = 0.
Note that the nullity of Altk(L
p(µ);N) for each L∞(µ)-normed module N implies
that Extkµ,loc L
p(µ) = 0.
Example 7.27. Let ‖ · ‖ a norm on Rn; on ∧k Rn we consider the norm:
(7.28) ‖ω‖ = inf
{∑
i∈I
‖vi1‖ · · · ‖vik‖ : ω =
∑
i∈I
vi1 ∧ · · · ∧ vik
}
;
the fact that ‖ · ‖ is non-degenerate follows either from Lemma 7.84 or by modifying
the proof of Theorem 7.58. We will denote by µ a non-atomic Radon measure.
We claim that Extkµ,loc L
p(µ;Rn) is trivial. By the Hahn-Banach Theorem, it
suffices to show that Altk(L
p(µ;Rn);L∞(µ)) is trivial; suppose that for U a Borel
set of finite measure and {vi}ki=1 ⊂ Rn independent vectors we had
(7.29) T (χUv1, · · · , χUvk) 6= 0
where T ∈ Altk(Lp(µ;Rn);L∞(µ)); arguing as in Example 7.13, we would reach a
contradiction.
42 ANDREA SCHIOPPA
However we show that Extkµ L
k(µ;Rn) can be identified with L1(µ;
∧k
Rn). By
Ho¨lder’s inequality, the multilinear alternating map
(7.30)
E : (Lk(µ;Rn))k → L1(µ;
∧k
R
n)
(f1, · · · , fk) 7→ f1 ∧ · · · ∧ fk
has norm at most 1. For ψ ∈ L1(µ) define:
(7.31)
Tψ : (R
n)k → N
(v1, . . . , vk) 7→ T (sgnψ |ψ|1/kv1, |ψ|1/kv2, . . . , |ψ|1/kvk);
the map Tψ is multilinear and alternating (as a map of vector spaces); let Tˆψ :∧k
Rn → N denote the corresponding linear map given by the universal property
of
∧k
Rn. Consider ω ∈ ∧k Rn and, having fixed ε > 0, write
(7.32) ω =
∑
i∈I
vi1 ∧ · · · ∧ vik
in a way that satisfies:
(7.33)
∑
i∈I
‖vi1‖ · · · ‖vik‖ ≤ ‖ω‖+ ε;
then
(7.34)
∥∥∥Tˆψ(ω)∥∥∥ ≤ ‖T ‖ ‖ψ‖L1(µ)∑
i∈I
‖vi1‖ · · · ‖vik‖;
letting εց 0 we conclude that:
(7.35)
∥∥∥Tˆψ(ω)∥∥∥ ≤ ‖T ‖ ‖ψ‖L1(µ) ‖ω‖.
Consider now ψ1, ψ2 ∈ L1(µ) and let:
(7.36) ψ
(n)
i = ψi · χ|ψi|≤n · χB(0,n) (i = 1, 2);
since {sgnψ(n)i · |ψ(n)i |1/k} converges to sgnψi · |ψi|1/k in Lk(µ), the continuity of T
implies:
(7.37) Tˆψ1+ψ2(ω) = lim
n→∞
Tˆ
ψ
(n)
1 +ψ
(n)
2
(ω);
since ψ
(n)
i ∈ L∞(µ), the multilinearity of T implies:
(7.38) T
ψ
(n)
1 +ψ
(n)
2
= Tˆ
ψ
(n)
1
+ Tˆ
ψ
(n)
2
;
we thus conclude that
(7.39) Tˆψ1+ψ2 = Tˆψ1 + Tˆψ2 .
A similar argument can be also used to show that for λ ∈ L∞(µ) one has Tˆλψ = λTˆψ.
We now fix a basis {ωα} of
∧k
Rn consisting of simple vectors. The norm:
(7.40) ‖ω‖′ =
{
max |σα| : ω =
∑
α
σαωα
}
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is equivalent to the norm introduced in (7.28) and so any ψ ∈ L1(µ;∧k Rn) can be
written as
(7.41) ψ =
∑
σ
ψαωα,
where ψα ∈ L1(µ); in particular, we can define Tˆ : L1(µ;
∧k
Rn)→ N by
(7.42) Tˆ (ψ) =
∑
α
Tˆψα(ωα),
and obtain the bound:
(7.43) ‖Tˆ‖ ≤ C‖T ‖
where C depends only on n, k, ‖ · ‖′ and ‖ · ‖. Using the density of simple functions
in Lk(µ;Rn) one can show that Tˆ ◦ π = T . We now prove that
(7.44) ‖Tˆ‖ ≤ ‖T ‖
by showing that
(7.45)
∥∥∥Tˆ (ψ)∥∥∥ ≤ ‖T ‖ ‖ψ‖L1(µ;∧k Rn)
when ψ is simple. We write ψ =
∑
j ω˜jχUj where ω˜j =
∑
α σj,αωα. Choosing
vectors {v(α)i } such that ωα = v(α)1 ∧ · · · ∧ v(α)k , we get:
Tˆ (ψ) = Tˆ

∑
α

∑
j
σj,αχUj

ωα

 =∑
α
Tˆ∑
j σj,αχUj
(ωα)
=
∑
α
T

sgn

∑
j
σj,αχUj


∣∣∣∣∣∣
∑
j
σj,αχUj
∣∣∣∣∣∣
1/k
v
(α)
1 , · · · ,
∣∣∣∣∣∣
∑
j
σj,αχUj
∣∣∣∣∣∣
1/k
v
(α)
k


=
∑
α
∑
j
T
(
sgnσj,α · |σj,α|1/kχUjv(α)1 , · · · , |σj,α|1/kχUjv(α)k
)
=
∑
j
TχUj (ω˜j);
(7.46)
so using (7.35) we conclude that (7.45) holds and the proof that L1(µ;
∧k
Rn) is
the exterior k-power of Lk(µ;Rn) is complete.
In the remainder of this section we assume that µ is a Radon measure. The
following Lemma summarizes some properties of the Banach space Altk(M ;N).
Lemma 7.47. Let M , N be L∞(µ)-modules; then Altk(M ;N) is an L∞(µ)-module
and it is an L∞(µ)-normed module if N is an L∞(µ)-normed module. Moreover if
M and N are L∞(µ)-normed modules, for ϕ ∈ Altk(M ;N) and {mi}i=1 ⊂M
(7.48) |ϕ(m1, · · · ,mk)|N,loc ≤ |ϕ|Altk(M ;N),loc |m1|M,loc · · · |mk|M,loc .
Proof of Lemma 7.47. The fact that Altk(M ;N) is a Banach space with the norm
‖ · ‖Altk(M ;N) follows from a standard argument. For (ϕ, λ) ∈ Altk(M ;N)×L∞(µ)
the product λϕ can be defined by:
(7.49) λϕ(m1, · · · ,mk) = ϕ(m1, · · · , λmi, · · · ,mk) (any choice of i)
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which makes Altk(M ;N) an L
∞(µ)-module.
If N is an L∞(µ)-normed module, for a µ-measurable subset U ⊂ X , we have
(7.50) ‖ϕ‖Altk(M ;N) = sup‖mi‖M≤1
‖ϕ(m1, · · · ,mk)‖N
= sup
‖mi‖M≤1
max
(‖χUϕ(m1, · · · ,mk)‖N , ‖χX\Uϕ(m1, · · · ,mk)‖N)
= max
(
sup
‖mi‖M≤1
‖(χUϕ)(m1, · · · ,mk)‖, sup
‖mi‖M≤1
‖(χX\Uϕ)(m1, · · · ,mk)‖
)
= max
(‖χUϕ‖Altk(M ;N), ‖χX\Uϕ‖Altk(M ;N)) ;
by [Wea00, Thm. 2] Altk(M ;N) is an L
∞(µ)-normed module.
We now show (7.48) under the assumption that M and N are L∞(µ)-normed
modules. By [Wea00, Cor. 6] we can find Φm1,··· ,mk ∈ N ′ with ‖Φm1,··· ,mk‖N ′ ≤ 1
and
(7.51) |ϕ(m1, · · · ,mk)|N,loc = 〈Φm1,··· ,mk , ϕ(m1, · · · ,mk)〉 ;
let ξ ∈ Altk(M ;L∞(µ)) be defined by
(7.52) ξ(m˜1, · · · , m˜k) = 〈Φm1,··· ,mk , ϕ(m˜1, · · · , m˜k)〉 ;
for ε > 0 we can find an L∞(µ)-partition of unity {Uα} such that for x ∈ Uα and
1 ≤ i ≤ k,
|ξ|Altk(M ;L∞(µ)),loc (x) ∈
(‖χUαξ‖Altk(M ;L∞(µ)) − ε, ‖χUαξ‖Altk(M ;L∞(µ))] ;(7.53)
|mi|M,loc (x) ∈ (‖χUαmi‖M − ε, ‖χUαmi‖M ] .(7.54)
Using the definition of norm in Altk(M ;L
∞(µ Uα)) and (7.53) and (7.54),
ξ(m1, · · · ,mk) =
∑
α
χUαξ(m1, · · · ,mk)
=
∑
α
(χUαξ)(χUαm1, · · · , χUαmk)
≤
∑
α
χUα‖χUαξ‖Altk(M ;L∞(µ))‖χUαm1‖M · · · ‖χUαmk‖M
≤
∑
α
χUα
(
|ξ|Altk(M ;L∞(µ)),loc + ε
) k∏
i=1
(
|mi|M,loc + ε
)
=
(
|ξ|Altk(M ;L∞(µ)),loc + ε
) k∏
i=1
(
|mi|M,loc + ε
)
.
(7.55)
Note that (7.48) follows from (7.55) letting εց 0 provided we show
(7.56) |ξ|Altk(M ;L∞(µ)),loc ≤ |ϕ|Altk(M ;N),loc .
As for each µ-measurable U we have
(7.57) ‖χUξ‖Altk(M ;L∞(µ)) ≤ ‖χUϕ‖Altk(M ;N),
(7.56) holds. 
We now prove the existence of the exterior powers in the category Ban.
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Theorem 7.58. For Z a Banach space, the k-th exterior power in the category
Ban exists and can be realized as a closed subspace of the dual space Altk(M ;R)
∗;
moreover, the algebraic k-th exterior power
∧k
Z is dense in Extk Z.
proof of Theorem 7.58. For ϕ ∈ Altk(Z;R) let ϕ˜ :
∧k Z → R denote the unique
linear map corresponding to ϕ given by the universal property of
∧k Z. In partic-
ular, we obtain a map E from
∧k
Z to the algebraic dual of Altk(Z;R) by letting
〈E(w), ϕ〉 = ϕ˜(w). We now show that E(w) is a bounded functional. Let
(7.59) w =
∑
i∈I
zi1 ∧ · · · ∧ zik
and note that∥∥∥∥∥∑
i∈I
zi1 ∧ · · · ∧ zik
∥∥∥∥∥
(Altk(Z;R))∗
= sup
‖ϕ‖Altk(Z;R)≤1
∣∣∣∣∣
〈∑
i∈I
zi1 ∧ · · · ∧ zik , ϕ
〉∣∣∣∣∣
≤ sup
‖ϕ‖Altk(Z;R)≤1
∑
i∈I
|ϕ(zi1 , · · · , zik)|
≤
∑
i∈I
‖zi1‖X · · · ‖zik‖X .
(7.60)
We now show that E is injective; suppose w 6= 0; let Z0 denote the linear span
of Ω = {zij : j = 1, . . . , k; i ∈ I} so that Z0 is a finite dimensional vector space of
dimension L ≥ k. Having chosen a basis {vα}Lα=1 of Z0, without loss of generality
we can assume that
(7.61) w =
∑
j∈Λk,L
cjvj1 ∧ · · · ∧ vjk
with c(1,...,k) 6= 0. If {v∗α}Lα=1 is the dual basis of {vα}Lα=1, by the Hahn-Banach
Theorem the functionals v∗α can be extended to elements of Z
∗; in particular,
(7.62)
Ξ : Zk → R
(z1, · · · , zk) 7→ det((〈v∗α, zi〉)kα,i=1)
defines an element of Altk(Z;R) and
(7.63) 〈E(w),Ξ〉 = c(1,··· ,k) 6= 0
showing that E is injective.
We can thus identify
∧k
Z with a linear subspace of Altk(Z;R)
∗ and we will
denote its completion in the ‖ · ‖(Altk(Z;R))∗ norm by Extk Z. The map π is defined
by
(7.64) π(z1, · · · , zk) = z1 ∧ · · · ∧ zk;
note that π is alternating and multilinear and (7.60) shows that it is bounded. Let
ϕ ∈ Altk(Z;W ) and define ϕˆ :
∧k
Z →W by
(7.65) ϕˆ
(∑
i∈I
zi1 ∧ · · · ∧ zik
)
=
∑
i∈I
ϕ(zi1 , · · · , zik);
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this is well-defined because ϕ is alternating multilinear and because of the universal
property of
∧k
Z. In order to show that ϕˆ has a unique extension ϕˆ : Extk Z →W ,
it suffices to show that ϕˆ is bounded:
∥∥∥∥∥ϕˆ
(∑
i∈I
zi1 ∧ · · · ∧ zik
)∥∥∥∥∥
W
= sup
w∗∈W∗:‖w∗‖W∗≤1
〈
w∗, ϕˆ
(∑
i∈I
zi1 ∧ · · · ∧ zik
)〉
= ‖ϕ‖Altk(Z;W ) sup
w∗∈W∗:
‖w∗‖W∗≤1
∑
i∈I
〈
w∗,
1
‖ϕ‖Altk(Z;W )
ϕ(zi1 , · · · , zik)
〉
≤ ‖ϕ‖Altk(Z;W ) sup
τ∈Altk(Z;R):
‖τ‖Altk(Z;R)≤1
〈
τ,
∑
i∈I
zi1 ∧ · · · ∧ zik
〉
≤ ‖ϕ‖Altk(Z;W )
∥∥∥∥∥∑
i∈I
zi1 ∧ · · · ∧ zik
∥∥∥∥∥
(Altk(Z;R))∗
.
(7.66)
Note that (7.66) shows that
(7.67) ‖ϕˆ‖hom(Extk Z,W ) ≤ ‖ϕ‖Altk(Z;W );
for the reverse inequality, observe that for each ε > 0, there are zi ∈ Z (i ∈
{1, · · · , k}) such that ‖zi‖Z ≤ 1 and
(7.68) ‖ϕ‖Altk(Z;W ) < ε+ ‖ϕ(z1, · · · , zk)‖Z ;
but
(7.69) ϕ(z1, · · · , zk) = ϕˆ(z1 ∧ · · · ∧ zk)
and by (7.60)
(7.70) ‖z1 ∧ · · · ∧ zk‖∧̂kZ ≤ 1;
thus
(7.71) ‖ϕ‖Altk(Z;W ) < ε+ ‖ϕˆ‖hom(Extk Z,W ).

We now turn to the existence of exterior powers in the category ∞µ Modloc.
Theorem 7.72. For M an L∞(µ)-normed module, the k-th exterior power in the
category ∞µ Modloc exists and can be realized as a closed submodule of the dual
module Altk(M ;L
∞(µ))′; moreover, the algebraic k-th exterior power L∞(µ)
∧k
M
is dense in Extkµ,locM .
Proof of Theorem 7.72. Part of the proof is similar to the Banach space case (The-
orem 7.58). For ϕ ∈ Altk(M ;L∞(µ)) let ϕ˜ : L∞(µ)
∧kM → L∞(µ) denote the
unique module homomorphism corresponding to ϕ given by the universal property
of L∞(µ)
∧k
M . The same estimate (7.60) used in the Banach space case shows that
the map:
(7.73) E : L∞(µ)
k∧
M → Altk(M ;L∞(µ))′
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sending w ∈ L∞(µ)
∧k
M to the functional E(w) satisfying
(7.74) 〈E(w), ϕ〉 = ϕ˜(w),
is well-defined.
We now show that E is injective. Let
(7.75) w =
∑
i∈I
mi1 ∧ · · · ∧mik 6= 0
and M0 the L
∞(µ)-submodule of M generated by the finite set
(7.76) Ω = {mij : j = 1, . . . , k; i ∈ I}.
By [Wea00, Lem. 9] there are disjoint measurable sets {Ui}#Ωi=1 such that
(7.77) 1 =
#Ω∑
i=1
χUi ,
and if µ(Ui) > 0, then χUiM0, regarded as an L
∞(µ Ui)-module, is free of rank i;
as we are assuming w 6= 0, χULw 6= 0 for some index L ≥ k. Let {m˜i}Li=1 a basis of
χULM0 over L
∞(µ Ui); without loss of generality, we can assume that
(7.78) χULw =
∑
j∈Λk,N
λjm˜j1 ∧ · · · ∧ m˜jk ,
with λ(1,··· ,k) 6= 0. Moreover, by [Wea00, Thm. 10] we can choose a measurable
V ⊂ UL with χV λ(1,··· ,k) 6= 0 and find C > 0 such that, if we define for x ∈ V
(7.79)
px : R
L → (0,∞)
v 7→
∣∣∣∣∣
L∑
i=1
vim˜i
∣∣∣∣∣
M,loc
(x),
then px is a norm satisfying
(7.80) Cpx(v) ≥ ‖v‖∞ (∀(x, v) ∈ V × RL).
Note that functions in L∞(µ V ) can be canonically extended to L∞(µ) because
we can indentify L∞(µ V ) with χV L∞(µ); the maps
(7.81)
ξi : χVM0 → L∞(µ) (i = 1, . . . , L)
L∑
i=1
λim˜i 7→ λi,
are bounded linear functionals by (7.80). By the Hanh-Banach Theorem [Wea00,
Thm. 5] the {ξi} can be extended to elements of M ′; in particular,
(7.82)
Ξ :Mk 7→ L∞(µ)
(m1, . . . ,mk) 7→ det((〈ξi,mj〉)ki,j=1)
defines an element of Altk(M ;L
∞(µ)) and
(7.83) E(w)(χV Ξ) = χV λ(1,...,k) 6= 0
showing that E is injective. The proof is now completed as in Theorem 7.58. 
We now provide a characterization of the norms in the exterior powers.
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Lemma 7.84. For Z a Banach space, if w ∈ ∧k Z →֒ Extk Z
(7.85) ‖w‖Extk Z = inf
{∑
i∈I
‖zi1‖Z · · · ‖zik‖Z : w =
∑
i∈I
zi1 ∧ · · · ∧ zik
}
.
If M is an L∞(µ)-normed module, for each
(7.86) w ∈ L∞(µ)
k∧
M →֒ Extkµ,locM,
(7.87) ‖w‖Extk
µ,loc M
= inf
{∥∥∥∥∥∑
i∈I
|mi1 |M,loc · · · |mik |M,loc
∥∥∥∥∥
L∞(µ)
:
w =
∑
i∈I
mi1 ∧ · · · ∧mik
}
;
moreover, if w =
∑
i∈I mi1 ∧ · · · ∧mik ,
(7.88) |w|Extk
µ,loc M,loc
≤
∑
i∈I
|mi1 |M,loc · · · |mik |M,loc .
Proof of Lemma 7.84. For Z a Banach space, define for w ∈ ∧k Z
(7.89) γ(w) = inf
{∑
i∈I
‖zi1‖Z · · · ‖zik‖Z : w =
∑
i∈I
zi1 ∧ · · · ∧ zik
}
;
then γ(w) is a seminorm and (7.60) shows that
(7.90) ‖w‖Extk Z ≤ γ(w);
in particular (7.90) shows that γ is a norm on
∧k
Z and the same argument used in
the proof of Theorem 7.58 (compare (7.66)) shows that the completion of
∧k
Z in
the γ-norm satisfies the universal property characterizing Extk Z; thus ‖w‖Extk Z =
γ(w).
Let M an L∞(µ)-normed module; we first show (7.88). It suffices to show that
for each U µ-measurable,
(7.91) ‖χUw‖Extk
µ,loc M
≤
∥∥∥∥∥χU∑
i∈I
|mi1 |M,loc · · · |mik |M,loc
∥∥∥∥∥
L∞(µ)
;
from the definition of ‖ · ‖Extk
µ,loc M
(proof of Theorem 7.72) we can find, for each
ε > 0, an alternating map ϕ ∈ Altk(M ;L∞(µ)) with norm at most 1 and satisfying:
(7.92) ‖χUw‖Extk
µ,loc M
≤ ‖ϕ˜(χUw)‖L∞(µ) + ε;
but (7.48) implies
(7.93) |ϕ˜(χUw)| ≤ χU
∑
i∈I
|mi1 |M,loc · · · |mik |M,loc ,
from which we obtain (7.91) taking the essential sup and letting ε ց 0. To show
(7.87) let
(7.94) γ(w) = inf
{∥∥∥∥∥∑
i∈I
|mi1 |M,loc · · · |mik |M,loc
∥∥∥∥∥
L∞(µ)
: w =
∑
i∈I
mi1 ∧· · ·∧mik
}
;
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then γ(w) is a seminorm on L∞(µ)
∧k
M . Note that (7.88) implies ‖·‖Extk
µ,loc M
≤ γ,
so that γ is a norm; the proof of Theorem 7.72 implies that the completion Y
of L∞(µ)
∧k
M in the γ-norm satisfies the universal property defining Extkµ,locM
provided that Y is an L∞(µ)-normed module. To show that Y is an L∞(µ)-normed
module it suffices to show that for a µ-measurable set U ,
(7.95) γ(w) = max(γ(χUw), γ(χUcw)).
Having shown (7.95), uniqueness of Extkµ,locM will imply that ‖ · ‖Extk
µ,loc M
= γ.
To show (7.95), for ε > 0 let
χUw =
∑
i∈IU
χUm
(1)
i1
∧ · · · ∧ χUm(1)ik ,(7.96)
χUcw =
∑
i∈IUc
χUcm
(2)
i1
∧ · · · ∧ χUcm(2)ik ,(7.97)
with ∥∥∥∥∥∑
i∈IU
∣∣∣χUm(1)i1 ∣∣∣M,loc · · ·
∣∣∣χUm(1)ik ∣∣∣M,loc
∥∥∥∥∥
L∞(µ)
< γ(χUw) + ε(7.98)
∥∥∥∥∥∥
∑
i∈IUc
∣∣∣χUcm(2)i1 ∣∣∣M,loc · · ·
∣∣∣χUcm(2)ik ∣∣∣M,loc
∥∥∥∥∥∥
L∞(µ)
< γ(χUcw) + ε;(7.99)
without loss of generality (introducing null terms) we can assume that IU = IUc = I
so that (7.95) follows observing that
(7.100) w =
∑
i∈I
(χUm
(1)
i1
+ χUcm
(2)
i1
) ∧ · · · ∧ (χUm(1)ik + χUcm
(2)
ik
)
and letting εց 0. 
There are also pairings between exterior powers:
Lemma 7.101. Suppose Z is a Banach space; the bilinear mapping
(7.102) ∧ :
∧k
Z ×
∧l
Z →
∧k+l
Z
which on pairs of simple multivectors is given by:
(7.103) ∧ : ((z1, · · · , zk), (u1, · · · , ul)) 7→ z1 ∧ · · · ∧ zk ∧ u1 ∧ · · · ∧ ul,
extends to a bounded bilinear map
(7.104) ∧ : Extk Z × Extl Z → Extk+l Z
satisfying
(7.105) ‖ω1 ∧ ω2‖Extk+l Z ≤ ‖ω1‖Extk Z ‖ω2‖Extl Z .
Suppose M is an L∞(µ)-module; for 1 ≤ i ≤ k, the bilinear mapping (in the
category Ban)
(7.106)
Φi : L
∞(µ)×
∧k
M →
∧k
M
λ,∑
j∈J
mj1 ∧ · · · ∧mjk

 7→∑
j∈J
mj1 ∧ · · · ∧ λmji ∧ · · · ∧mjk
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extends to a bounded bilinear map
(7.107) Φi : L
∞(µ)× ExtkM → ExtkM
satisfying
(7.108) ‖Φi(λ, ω)‖Extk Z ≤ ‖λ‖L∞(µ) ‖ω‖Extk Z .
Proof of Lemma 7.101. It follows from the first part of Lemma 7.84; in particular,
(7.105) and (7.108) follow from (7.85). 
We now turn to the existence of the exterior power in the category ∞µ Mod.
Theorem 7.109. For M an L∞(µ)-module, the k-th exterior power in the category
∞
µ Mod exists and can be realized as a quotient space of Ext
kM (in Ban) by the
closure of the linear span of the set
(7.110)
{
Φi(λ, ω)− Φj(λ, ω) : 1 ≤ i, j ≤ k, λ ∈ L∞(µ), ω ∈
∧k
M
}
.
Proof of Theorem 7.109. Let Q denote the linear span of the set (7.110). If ϕ ∈
Altk(M ;N), where N is an L
∞(µ)-module, let ϕ˜ : ExtkM → N denote the corre-
sponding map given by the universal property of ExtkM ; note that ϕ˜ annihilates
Q. Moreover, ExtkM/Q¯ becomes an L∞(µ)-module letting
(7.111) λ.[ω] = [Φi(λ, ω)] ((λ, ω) ∈ L∞(µ)× ExtkM and 1 ≤ i ≤ k).
If we let π′ denote the composition of π : Mk → ExtkM with the quotient
map ExtkM → ExtkM/Q¯, then π′ ∈ Altk(M ; ExtkM/Q¯); similarly, if we let
ϕˆ : ExtkM/Q¯ → N the map induced by ϕ˜, then ϕˆ ∈ hom(ExtkM/Q¯, N). Note
that ϕˆ ◦ π′ = ϕ and that uniqueness of ϕˆ follows from uniqueness of ϕ˜. Fi-
nally, as ‖[ω]‖ExtkM/Q¯ ≤ ‖ω‖ExtkM , ‖ϕˆ‖hom(ExtkM/Q¯,N) = ‖ϕ˜‖hom(ExtkM,N) =
‖ϕ‖Altk(M ;N). 
Remark 7.112. Note that if M is an L∞(µ)-module, we have an R-linear surjection
(7.113) ExtkM → ExtkµM
with norm at most 1; similarly, if M is an L∞(µ)-normed module, we have an
L∞(µ)-linear surjection
(7.114) ExtkµM → Extkµ,locM
with norm at most 1.
7.2. Alberti representations in Banach spaces. In this Subsection we prove
a refinement for the production of Alberti representations in Banach spaces when
the speed and direction are specified using bounded linear maps.
Theorem 7.115. Suppose that Z is a separable Banach space, µ is a Radon mea-
sure on Z and suppose that f : Z → Rq and g : Z → R are bounded linear maps.
Let C(w,α) be a q-dimensional cone field on Z and δ : Z → (0,∞) a Borel map;
then the following are equivalent:
(1) The measure µ admits an Alberti representation in the f -direction of C(w,α)
with g-speed > δ.
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(2) The measure µ admits a (δ/‖g‖Z∗ , 1)-biLipschitz Alberti representation A =
(P, ν) in the f -direction of C(w,α) with g-speed > δ and such that sptP ⊂
Curves(Z) and νγ = hΨγ where h is a Borel function on Z and
(7.116) Ψγ = γ♯L1 [0, 1].
Proof of Theorem 7.115. It suffices to show that (1) implies (2). For the moment,
we assume that the functions w, α and δ are constant and that the set sptµ is
compact. By rescaling g and δ, we can assume that ‖g‖Z∗ = 1. Note that sptµ
must contain a fragment γ with (g ◦ γ)′(t) > δmd γ(t) and (f ◦ γ)′(t) ∈ C(w,α)
for L1 domγ-a.e. t. In particular, there is a vector z ∈ Z in the unit sphere of Z
satisfying g(z) ≥ δ + 1/n0 and f(z) ∈ C¯(w,α − 1/n0) for some n0. Let K denote
the closed convex hull of sptµ ∪ (sptµ+ z) in Z and note that K is compact. For
n ∈ N let Gn denote the compact set of all (δ, 1)-biLipschitz maps γ : [0, 1] → K
satisfying:
sgn(t− s) (f ◦ γ(t)− f ◦ γ(s)) ∈ C¯(w,α− 1/n)(7.117)
sgn(t− s) (g ◦ γ(t)− g ◦ γ(s)) ≥ (δ + 1/n)|t− s|.(7.118)
Applying Lemma 2.59 in [Sch13] repeatedly, we obtain a decomposition µ =
µ′+µ F where µ′ has an Alberti representation of the desired form and F ⊂ sptµ is
an Fσδ which is Gn-null for every n. We elucidate the first two steps of the induction:
one first writes µ = µG1 + µ F1 where µG1 admits an Alberti representation whose
probability measure P1 is concentrated on G1 and where F1 is an Fσ-set which is
G1-null. As a consequence, the measures µ F1 and µG1 are singular. In the second
step one applies Lemma 2.59 in [Sch13] to µ F1 obtaining µ F1 = µG2+µ F2 where
µG2 admits an Alberti representation whose probability measure P2 is concentrated
on G2 and where F2 ⊂ F1 is an Fσ-set which is G2-null (and also G1-null being a
subset of F1). One continues in this way and at the end one lets µ
′ =
∑∞
n=1 µGn
and F =
⋂
n Fn.
We now show that for each fragment γ ∈ Frag(sptµ) in the f -direction of C(w,α)
and with g-speed > δ, the set F is H1γ-null; by (1), this will imply that µ(F ) = 0.
Let γ be such a fragment and assume that it is L-Lipschitz. Note that, if we
find countably many compact sets Kα ⊂ dom γ with H1γ|Kα(F ) = 0 and L1(dom γ \⋃
αKα) = 0, then H
1
γ(F ) = 0. This allows to use Egorov and Lusin’s Theorems to
simplify the discussion.
Concretely, fix ε > 0 and use Lusin’s Theorem [Bog07, Thm. 7.1.13] to find a
compact setK0 ⊂ dom γ with L1(dom γ\K0) < ε and such that (f◦γ)′ is continuous
when restricted to K0. Applying Egorov’s Theorem [Bog07, Thm. 7.1.12] we can
find another compact set K1 ⊂ K0 with L1(K0 \K1) < ε and such that:
(7.119) lim
n→∞ sups,t∈K1
0<|s−t|≤1/n
‖f(γ(t))− f(γ(s))− (f ◦ γ)′(t)(t − s)‖
|t− s| = 0.
Havin fixed ε0 > 0 can then choose n1 such that:
sup
s,t∈K1
0<|s−t|≤1/n1
‖f(γ(t))− f(γ(s))− (f ◦ γ)′(t)(t− s)‖
|t− s| <
ε0
2
(7.120)
sup
s,t∈K1
0≤|s−t|≤1/n1
‖(f ◦ γ)′(t)− (f ◦ γ)′(s)‖ < ε0
2
,(7.121)
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and subdivideK1 into finitely many compact subsets {K1,j}j of diameter< 1/(2n1).
Having chosen for each j a tj ∈ K1,j and having let wj = (f ◦ γ)′(tj) we conclude
that:
(7.122) ‖f(γ(t))− f(γ(s))− wj(t− s)‖ ≤ ε0|t− s| (∀t, s ∈ K1,j).
Thus the previous argument shows that after subdividing the domain of γ we can
assume that γ is in the f -direction of C¯(w,α − 1/n2) for some n2 ∈ N that can be
made arbitrarily large choosing n1 appropriately. Passing to a further subdivision
and applying a similar argument to the function g, we can also assume that γ has g-
speed ≥ δ+1/n2. Finally, letting Iγ denote the minimal interval containing dom γ,
applying the Lebesgue Differentiation Theorem and passing to a further subdivision
of domγ (and restricting γ) we can assume that any point in Iγ is within distance
diam(Iγ)/(n2(L + 1000 + q
8)) from a point of dom γ. For further details we refer
to the argument of Theorem 2.67 in [Sch13].
We now use the fact that K is convex and that the functions f and g are linear
to extend γ to an (L+1)-Lipschitz map γ˜ : Iγ → Z. In fact, following [Sch13, 2.79]
on each component (u, v) of Iγ \ dom γ we let:
(7.123) γ˜(t) =
t− u
v − uγ(v) +
v − t
v − uγ(u).
Using the linearity of f and g we also conclude that γ˜ is in the f -direction of
C¯(w,α − 1/(2n2)) with g-speed ≥ δ + 1/(2n2).
Now, after precomposing γ˜ with an affine map and dividing Iγ into smaller
subintervals, we can reduce to the case in which γ˜ is 1-Lipschitz, Iγ ⊂ [0, 1] and the
left extremum of Iγ is 0. Letting t0 denote the right extremum of Iγ , we extend γ˜
to [t0, 1] by letting γ˜|[t0, 1] be the segment joining γ˜(t0) to γ˜(t0) + (1 − t0)z. Note
that md γ˜ ≤ 1 and, letting n3 = max(n0, n1, n2), we have (g ◦ γ˜)′ ≥ δ + 1/(2n3)
and (f ◦ γ˜)′ ∈ C¯(w,α − 1/(2n3)). In particular, γ˜ ∈ Gn3 which implies H1γ˜(F ) = 0
and then H1γ(F ) = 0.
The case in which sptµ is not compact and the functions w, α and δ are not
constant, is treated by using Egorov and Lusin’s Theorems like in the last part of
the proof of Theorem 2.67 in [Sch13]. 
7.3. Renorming. The goal of this Subsection is the proof of the following result
about renorming the module X(µ) by taking a biLipschitz deformation of the metric
on X .
Theorem 7.124. Let (X, d) be a Polish space and µ a Radon measure on X. For
each ε > 0 there is a metric d(ε) which satisfies
(7.125) d ≤ d(ε) ≤ (1 + ε)d
and such that the corresponding local norm | · |(ε)
X(µ),loc is strictly convex.
We now fix some notation that will be used throught this Subsection. We let
{ψn} be a countable generating set for the Lipschitz algebra Lipb(X) where ψ1
is the constant function equal to 1, and where we assume that for n > 1 each
function ψn is 1-Lipschitz and vanishes at a fixed basepoint x˜. We then introduce
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the pseudometrics
Ψ(x, y) =
∥∥∥∥
(
ψn(x) − ψn(y)
n
)
n
∥∥∥∥
l2
(7.126)
ΨM (x, y) =
(
M∑
n=1
(ψn(x) − ψn(y))2
n2
)1/2
,(7.127)
and observe that ΨM ≤ Ψ ≤ π√6d. We also define functions
(7.128)
Φ : X → l2
x 7→
(
ψn(x)
n
)
n
and
(7.129)
ΦM : X → RM
x 7→
(
ψn(x)
n
)M
n=1
,
and observe that Φ and ΦM are
π√
6
-Lipschitz with respect to the distance d. We
finally let
(7.130) d(ε) = d+ εΨ
so that
(7.131) d ≤ d(ε) ≤
(
1 + ε
π√
6
)
d.
Note that, given a derivation D, after choosing a Borel representative for each Dψn,
we obtain Borel maps9
(7.132)
DΦ : X → l2
x 7→
(
Dψn(x)
n
)
n
,
and
(7.133)
DΦM : X → RM
x 7→
(
Dψn(x)
n
)M
n=1
.
We will now prove that the local norm | · |(ε)
X(µ),loc corresponding to the distance d
(ε)
is strictly convex. We start with the following Lemma, which is essentially folklore
and whose proof is included for completeness.
Lemma 7.134. If g ∈ C1(Rk) and the functions {ψi}ki=1 are in Lipb(X), then for
any derivation D ∈ X(µ) it follows that
(7.135) Dg(ψ1, · · · , ψk) =
k∑
l=1
∂g
∂yl
(ψ1, · · · , ψk)Dψl.
9The Borel σ-algebras for the strong and the weak topologies on l2 coincide
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Proof of Lemma 7.134. The idea of the proof is essentially based on [AK00, Thm. 3.5(i)].
As the functions {ψi}ki=1 are bounded, letting ψ : X → Rk be the Lipschitz function
whose i-th component is ψi, there is a k-dimensional simplex S (we take simplices
to be closed) centred about the origin such that ψ(X) lies in the interior of S. Using
that g ∈ C1(Rk), it is possible to construct Lipschitz functions gn : S → R such
that:
(1) there is Mn ∈ N such that, if SMn denotes the Mn-th iterated barycentric
subdivision of S, the function gn is affine linear on each simplex ∆ ∈ SMn :
(7.136) gn(v) = 〈Vn,∆, v〉+ cn,∆ (v ∈ ∆).
(2) For each simplex ∆ ∈ SMn one has
sup
v∈∆
|g(v)− gn(v)| ≤ 1
n
(7.137)
sup
v∈∆
‖Vn,∆ −∇g(v)‖2 ≤
1
n
.(7.138)
We now let
f(x) = g (ψ1(x), · · · , ψk(x))(7.139)
fn(x) = gn (ψ1(x), · · · , ψk(x)) ,(7.140)
and observe that as fn|ψ−1(∆) agrees with the function
(7.141) x 7→ 〈Vn,∆, ψ(x)〉 + cn,∆,
the locality property of derivations implies that
(7.142) Dfn(x) = 〈Vn,∆, Dψ(x)〉
for µ ψ−1(∆)-a.e. x. As fn
w*−−→ f , (7.135) follows from (7.142) and (7.138). 
The following Lemma is a key step in the proof of Theorem 7.124.
Lemma 7.143. Let F : X → RM be Lipschitz, D ∈ X(µ) and θ : X → (0, π/2) a
Borel map. Let
(7.144) VF = {x : DF (x) 6= 0};
then µ VF admits an Alberti representation in the F -direction of C
(
DF
‖DF‖2 , θ
)
.
Proof of Lemma 7.143. The proof is essentially based on the argument used in
Lemma 3.125 in [Sch13] and details are included for completeness. We consider a
Borel L∞(µ VF )-partition of unity
{
V
(0)
l
}
l∈N
such that, for each l, there is a pair
(sl, θl) ⊂ (0,∞)× (0, π/2) with:
|D|
X(µ VF ),loc
(x) ∈ (sl, 2sl) (∀x ∈ V (0)l )(7.145)
θ(x) ∈ (θl, 2θl) (∀x ∈ V (0)l );(7.146)
we further subdivide the
{
V
(0)
l
}
l∈N
to obtain a Borel L∞(µ VF )-partition of unity{
V
(1)
l
}
l∈N
such that, for each l, (7.145) and (7.146) hold and there are cl > 0 and
ε
(1)
l ∈ (0, cl/2) such that:
(7.147) ‖DF (x)‖2 ∈ (cl, cl + ε(1)l ) (∀x ∈ V (1)l );
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note that the values of each ε
(1)
l will be chosen later depending on the corresponding
values of sl and θl which were obtained in the previous step. We finally subdivide the{
V
(1)
l
}
l∈N
to obtain a Borel L∞(µ VF )-partition of unity
{
V
(2)
l
}
l∈N
such that, for
each l, (7.145), (7.146) and (7.147) hold and there are wl ∈ SM−1 and ε(2)l ∈ (0, ε(1)l )
such that:
C(wl, θl/2) ⊂ C
(
DF (x)
‖DF (x)‖2
, θl
)
(∀x ∈ V (2)l )(7.148) ∥∥∥∥ DF (x)‖DF (x)‖2 − wl
∥∥∥∥
2
≤ ε(2)l (∀x ∈ V (2)l );(7.149)
note that the values of each ε
(2)
l will be chosen later depending on the corresponding
values of sl, θl, cl and ε
(1)
l which were obtained in the previous steps. We now
estimate the error in approximating DF by clwl on V
(2)
l :
(7.150)
‖DF − clwl‖2 ≤ ‖DF − ‖DF‖2wl‖2 + ‖ ‖DF‖2wl − clwl‖2
≤ ‖DF‖2
∥∥∥∥ DF (x)‖DF (x)‖2 − wl
∥∥∥∥
2
+ ‖DF‖2 − cl
≤ (cl + ε(1)l )ε(2)l + ε(1)l︸ ︷︷ ︸
ηl
.
In particular, if u is a unit vector orthogonal to wl,
(7.151) χ
V
(2)
l
|D〈u, F 〉| = χ
V
(2)
l
|〈u,DF − wlcl〉| ≤ ηl
sl
|D|
X(µ),loc .
We now suppose that the Borel set Sl ⊂ V (2)l is Frag(X,F, δ˜l, wl, θl/2)-null; using
(7.151) and Lemma 2.74 (compare also Lemma 3.69 and Lemma 3.76 in [Sch13] for
details) we obtain
(7.152) χSl |D〈wl, F 〉| ≤
(
δ˜l + (M − 1)ηl
sl
cot(θl/2)
)
|D|
X(µ),loc ;
on the other hand, we have
(7.153) χ
V
(2)
l
D〈wl, F 〉 ≥ χV (2)
l
(cl − ηl).
In particular, if µ(Sl) > 0 we have
(7.154) δ˜l ≥ cl − ηl
2sl
− (M − 1)ηl
sl
cot(θl/2);
this implies that µ V
(2)
l admits an Alberti representation Al in the F -direction of
C(wl, θl/2) with F -speed
(7.155) ≥ δl = cl − 2ηl
2sl
− (M − 1)ηl
sl
cot(θl/2),
provided that δl is positive. Note that
(7.156)
δl =
1
2sl
(
cl − 2(cl + ε(1)l )ε(2)l − 2ε(1)l
)
− (M − 1)(cl + ε
(1)
l )ε
(2)
l + ε
(1)
l
sl
cot(θl/2);
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if at each step the ε
(1)
l and ε
(2)
l are chosen sufficiently small, one can ensure that
δl > 0. The proof is completed by gluing together the {Al} (Theorem 2.32) and
using (7.148). 
Lemma 7.157. The local norms | · |
X(µ),loc and | · |(ε)X(µ),loc are related by the fol-
lowing equation:
(7.158) |D|(ε)
X(µ),loc = |D|X(µ),loc + ε ‖DΦ‖l2 (∀D ∈ X(µ)).
Proof of Lemma 7.157. We first show that
(7.159) |D|(ε)
X(µ),loc ≤ |D|X(µ),loc + ε‖DΦ‖l2
by showing that, for each x ∈ X , the distance function d(ε)(x, ·) satisfies
(7.160)
∣∣∣Dd(ε)(x, ·)∣∣∣ ≤ |D|
X(µ),loc + ε‖DΦ‖l2 .
Without loss of generality, we can assume that X is bounded. Let d
(ε)
M = d+ εΨM
and observe that the sequence of Lipschitz functions {d(ε)M (x, ·)}M∈N converges to
d(ε)(x, ·), in the weak*-topology, as M ր∞. As d(x, ·) is 1-Lipschitz with respect
to d, we have:
(7.161) |Dd(x, ·)| ≤ |D|
X(µ),loc .
On the closed set C0 = {y : ΨM (x, y) = 0}, one has DΨM (x, ·) = 0 by locality of
derivations. For δ > 0 consider the closed set Cδ = {y : ΨM (x, y) ≥ δ}. We can
find a function g : RM → (0,∞) of class C1(RM ) such that, if for a v ∈ RM one
has
(7.162)
(
M∑
n=1
|vn|2
n2
)1/2
≥ δ
2
,
then
(7.163) g(v) =
(
M∑
n=1
|vn|2
n2
)1/2
.
In particular, on Cδ, the function ΨM (x, ·) coincides with
(7.164) g (ψ1(·)− ψ1(x), · · · , ψM (·)− ψM (x)) ,
and Lemma 7.134 gives
(7.165) DΨM (x, y) =
1
ΨM (x, y)
M∑
n=1
ψn(y)− ψn(x)
n
Dψn(y)
n
for µ Cδ-a.e. y. Using the Cauchy inequality and a sequence δn ց 0, we conclude
that
(7.166) |DΨM (x, ·)| ≤ ‖DΦM‖2 .
Combining (7.161) and (7.166) we obtain (7.160) and so (7.159) is proved.
We now show that
(7.167) |D|(ε)
X(µ),loc ≥ |D|X(µ),loc + ε‖DΦ‖l2 ,
and we will assume that a Borel representative has been chosen for each Dψn. We
first consider the Borel set V0 where ‖DΦ‖l2 = 0. Having fixed η > 0, we take a
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Borel L∞(µ V0)-partition of unity {Uα} such that, for each α, there is a function
fα which is 1-Lipschitz with respect to the distance d and satisfying:
(7.168) χUαDfα ≥ (1− η)χUα |D|X(µ),loc ;
this implies that
(7.169) χV0 |D|(ε)X(µ),loc ≥ (1− η)χV0 |D|X(µ),loc .
We now consider the Borel set V1 where ‖DΦ‖l2 > 0. For each η > 0, we take an
L∞(µ V1)-partition of unity {Uα}, where each set Uα is compact and such that for
each α there is a quadruple (fα,Mα, θα, δα) satisfying:
(P1): The function fα is 1-Lipschitz with respect to the distance d, Mα is a
natural number, θα ∈ (0, π/2), and δα > 0.
(P2): The following inequality holds
(7.170) χUαDfα ≥ (1− η)χUα |D|X(µ),loc .
(P3): The Borel functions ‖DΦ‖l2 and ‖DΦMα‖2 are continuous on Uα and
satisfy
(7.171) ‖DΦMα‖2 ≥ (1− η) ‖DΦ‖l2 ≥ δα > 0.
(P4): For all x, y ∈ Uα, if u ∈ C
(
DΦMα (x)
‖DΦMα (x)‖2
, 2θα
)
∩ SMα−1, then
(7.172) 〈u,DΦMα(y)〉 ≥ (1 − η) ‖DΦMα(y)‖2 .
By Lemma 7.143 the measure µ Uα admits an Alberti representation in the ΦMα -
direction of the cone field C
(
DΦMα
‖DΦMα‖2
, θα
)
; in particular, for µ Uα-a.e. x, there is
a fragment γx ∈ Frag(Uα) such that:
(1) 0 is a Lebesgue density point of dom γx and γx(0) = x.
(2) There is a vx ∈ C
(
DΦMα (x)
‖DΦMα (x)‖2 , θα
)
with
(7.173) ΦMα (γ(r)) = ΦMα(x) + vxr + o(r).
In particular, there are rx, Rx > 0 such that for each y ∈ B(x,Rx) ∩ Uα10, one has
(7.174)
ΦMα (γx(rx))− ΦMα(y)
‖ΦMα (γx(rx))− ΦMα(y)‖2
∈ C
(
DΦMα(x)
‖DΦMα(x)‖2
, 2θα
)
.
Let
(7.175) f˜α = fα − εΨMα (γx(rx), ·) ,
and observe that f˜α is 1-Lipschitz with respect to the distance d
(ε) and that
(7.176) Df˜α = Dfα − εDΨMα (γx(r), ·) ;
an argument similar to that used to prove (7.165) shows that for µ (Uα∩B(x,Rx))-
a.e. y,
(7.177) DΨMα (γx(rx), y) = −
〈ΦMα (γx(rx)) − ΦMα(y), DΦMα(y)〉
‖ΦMα (γx(rx))− ΦMα(y)‖2
≤ −(1− η) ‖DΦMα‖2 ,
10the ball can be taken either with respect to d or d(ε).
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where in the last step we used (7.174) and (P4). Combining (7.177) with (P2) we
obtain
(7.178) χUαDf˜α ≥ (1− η)χUα |D|X(µ),loc + ε(1− η)2χUα‖DΦ‖l2 ,
which implies
(7.179) χV1 |D|(ε)X(µ),loc ≥ (1 − η)χV1 |D|X(µ),loc + ε(1− η)2χV1‖DΦ‖l2 ;
letting η ց 0 in (7.179) and (7.169), (7.167) follows. 
Proof of Theorem 7.124. Because of (7.131), we just need to show that the local
norm | · |(ε)
X(µ),loc associated to d
(ε) is strictly convex. Consider derivations D1, D2 ∈
X(µ) and suppose that for µ U a.e. x ∈ U one has:
(7.180) |D1 +D2|(ε)X(µ),loc (x) = |D1|(ε)X(µ),loc (x) + |D2|(ε)X(µ),loc (x);
by Lemma 7.157 we have
(7.181)
|D1 +D2|X(µ),loc (x) + ε ‖D1Φ(x) +D2Φ(x)‖l2 = |D1|X(µ),loc (x) + ε ‖D1Φ(x)‖l2
+ |D2|X(µ),loc (x) + ε ‖D2Φ(x)‖l2 ;
because
|D1 +D2|X(µ),loc ≤ |D1|X(µ),loc + |D2|X(µ),loc(7.182)
‖D1Φ+D2Φ‖l2 ≤ ‖D1Φ‖l2 + ‖D2Φ‖l2 ,(7.183)
after choosing Borel representatives of D1Φ and D2Φ, we find a Borel V ⊂ U with
µ(U \ V ) = 0 and such that:
(7.184) ‖D1Φ(x) +D2Φ(x)‖l2 = ‖D1Φ(x)‖l2 + ‖D2Φ(x)‖l2 (∀x ∈ V ).
The strict convexity of the norm on l2 implies that for each x ∈ V the vectors
D1Φ(x) and D2Φ(x) are linearly dependent. Let
V˜1 = {(x, λ) ∈ V × [−1, 1] : D1Φ(x) = λD2Φ(x)}(7.185)
V˜2 = {(x, λ) ∈ V × [−1, 1] : D2Φ(x) = λD1Φ(x)} ;(7.186)
then V˜1 and V˜2 are Borel subsets of X × [−1, 1] and, denoting by Vi the projection
of V˜i on X , we have V = V1∪V2. Note that for each x the section (V˜i)x is compact;
in particular, by the Lusin-Novikov Uniformization Theorem [Kec95, Thm. 18.10]
18.10, the sets V1 and V2 are Borel and admit Borel uniformizing functions σi :
Vi → [−1, 1]. In particular,
χV1D1Φ = σ1χV1D2Φ(7.187)
χV2D2Φ = σ2χV2D1Φ;(7.188)
as the {ψn} generate Lipb(X), (7.187) and (7.188) imply that (6.42)– (6.44) hold
by letting λ1 = χV1σ1 and λ2 = χV2σ2. 
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